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THE BLOCH-KATO CONJECTURE 
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Abstract. Let k be a positive integer divisible by 4, t > k a prime, and / an 
elliptic cuspidal eigenform of weight k— 1, level 4, and non-trivial character. Let 
Pf be the £-adic Galois representation attached to /. In this paper we provide 
evidence for the Bloch-Kato conjecture for a twist of the adjoint motif of pf in 
the following way. Let L(Symm 2 /, s) denote the symmetric square L-function 
of /. We prove that (under certain conditions) ord^ (L alg (Symm 2 /, k)) < 
ord^(#:5), where S is the (Pontryagin dual of the) Selmer group attached 
to the Galois module ad° pf\c K (— 1), and K = Q(V — I)- Our method uses 
an idea of Ribet [33] in that we introduce an intermediate step and produce 
congruences between CAP and non-CAP modular forms on the unitary group 
U(2,2). 



1. Introduction 

The Bloch-Kato conjecture is one of the central conjectures in algebraic number 
theory. As stated in the original paper of Bloch and Kato [2] it predicts a precise 
relationship between an L- value L{M) attached to a motif M and the order of its 
Selmer group Sel(M). In this article we provide evidence for the conjecture when M 
is the adjoint motif attached to a certain class of modular forms. Roughly speaking 
we prove that (under certain conditions) 

(1.1) ovd e (L(M)) < ord £ (# Sel(M)), 

where I is an odd prime and ord^ denotes the £-adic valuation. 

We use a variation of an idea which is originally due to Ribet [33], and has 
subsequently been used by many authors (Wiles, Skinner-Urban, et al.) in various 
disguises. Let us briefly summarize it in the present context. Let k be a positive 
integer divisible by 4 and / a classical (elliptic) modular form of weight fc— 1. Then 
/ gives rise to an automorphic representation Ttf on GL2(A), where A denotes the 
adeles of Q. Let L(Symm 2 /, s) denote the symmetric square L-function attached 
to / (for a definition see section 4.2). We realize GL2 as a Levi subgroup inside 
a maximal parabolic subgroup of the quasi-split unitary group U(2, 2). Using the 
work of Gritsenko [12], Krieg [25] and Kojima [24] one can lift 717 to an automorphic 
representation on U(2,2)(A). Recently Ikeda [19] carried out an alternative 
construction of this lift. Let A be a uniformizer of a sufficiently large finite extension 
of Qc. Assuming that A n divides the algebraic part of L(Symm 2 /, k) we produce 
a lower bound for the size of the congruence module which measures congruences 
between the Hecke eigenvalues of and those of representations ILj, j = 1, . . . , n, 
which cannot be realized as lifts from GL2. To each one can attach (in many 
cases only conjecturally) a 4-dimensional £-adic Galois representation. The fact 
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that Ilj and 11/ are "congruent" (in the sense of congruence of Hecke eigenvalues), 
allows us to deduce a lower bound for the order of the Selmer group and hence 
obtain (1.1). To carry out the last step we use the work of Urban [40]. 

In this paper we only treat the case when / is of level 4 and non-trivial character. 
In fact the level of / equals the discriminant of the imaginary quadratic field to 
which the group U(2, 2) is associated. The reason why we restrict ourselves to 
the field Q(\/— 1) comes from the fact that the theory of lifting modular forms 
from GL 2 to U(2, 2) has been studied extensively in that case and we are able 
to reference several important results used in our proof. However, our method 
should be applicable to any imaginary quadratic field K (i.e., to forms of level 
disc(-fr) and character being the quadratic character associated with the extension 
K/Q). Let us elaborate on this point briefly. While above we described the method 
in representation-theoretic terms, our techniques are classical as is the nature of 
the lifting procedure introduced in [12], [25] and [24]. The lifts constructed there 
correspond representation-theoretically to CAP representations (cf. [31] for the 
case of GSp 4 ). To treat the case when the class number of K is greater than one it 
is convenient to work in the adelic framework of representation theory rather than 
classically, but this would require a generalization of the classical lifting theorems. 
The author has formulated an adelic version of the lifting for K of odd class number 
and proved its Hecke-equivariance in [23]. We plan to use the lifting constructed 
in [23] in a subsequent paper to extend the results of this article to the odd class 
number case. 

We also want to point to the reader some of the shortcomings of our approach 
in the part where we prove that a bound on the congruence module implies a 
corresponding bound on the order of the Selmer group. First of all, our method is 
conditional upon the existence of Galois representations attached to automorphic 
forms on U(2, 2) (Theorem 9.2). Secondly, we need to assume that the Galois 
representations associated to IP, are absolutely irreducible. It is conjectured that it 
is always the case (since Ilj are non-CAP and non-endoscopic) , but as of now the 
conjecture remains open. 

A theorem similar in spirit to our main result, linking ^-divisibility of the stan- 
dard L-function attached to an elliptic modular form of level one with ^-divisibility 
of a Selmer group attached to pf, has recently been proved by Brown [3] . The reader 
is also welcome to consult [6] for a related result on the Bloch-Kato conjecture for 
adjoint motives of modular forms. 

We now describe the organization of the paper. The automorphic forms on 
U(2, 2) will be called hermitian modular forms. The main theorems are Theorem 
7.12 and Theorem 9.9, and the paper is divided into two parts, each devoted to the 
proof of one of them. The first part is concerned with constructing the congruence 
between the lift Ff of / and another hermitian form F' which cannot be realized 
as a lift of an elliptic modular form (Theorem 7.12). This part occupies most of 
the paper. The second part, which is the content of the last section is concerned 
with showing how the congruence yields a lower bound on #Sel(M) (Theorem 
9.9). We now describe in more details the content of the first part. In section 2 
we introduce notation and terminology that will be used throughout this paper. 
In section 4 we summarize the basic facts concerning the lifting procedure and 
compute the Petersson inner product (Ff, Ff) in terms of L(Symm 2 /, k). To carry 
out the calculations we need to first compute the residue of the hermitian Klingcn 
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Eisenstein series and this is done in section 3. In section 7 we construct a hermitian 
modular form S with nice arithmetic properties (among other things S has Fourier 
coefficients which are algebraic integers) and write it as 



of the standard L-function of (the base change from Q to K of) /. We use the 
expressions for (Ff,Ff) and (Ff,E) in section 7 to produce a congruence between 
Ff and another hermitian modular form F 1 . Finally, to prove that F 1 can be chosen 
to be orthogonal to the subspace of hermitian modular forms that can be realized 
as lifts of elliptic modular forms, we need to work with two Hecke algebras and 
show that their localizations at certain maximal ideals are isomorphic. We do so 
by identifying them with quotients of universal deformation rings for certain Galois 
representations and deriving the isomorphism from properties of the corresponding 
map between the deformation rings (cf. section 8). 

The author would like to thank Tobias Berger, Jim Brown, and Chris Skinner 
for many useful and inspiring conversations. 



In this section we introduce some basic concepts and establish notation which 
will be used throughout this paper unless explicitly indicated otherwise. 

2.1. Number fields and Hecke characters. Throughout this paper I will always 
denote an odd prime. Let i = \/— T, K = Q(i) and let Ok be the ring of integers 
of K. For a G K, denote by a the image of a under the non-trivial automorphism 
of K. Set Na := N(a) :— act, and for an ideal n of Or, set Nn := #(0Rr/n). As 
remarked below we will always view K as a, subfield of C. For a e C, a will denote 
the complex conjugate of a and we set \a\ := \J oia. 

Let L be a number field with ring of integers Ol- For a place v of L, denote by 
L v the completion of L at v and by Ol, v the valuation ring of L v . If p is a place of 
Q, we set L p := Q p (&qL and Ol, p ■— Z p <g>z0L- The letter v will be used to denote 
places of number fields (including Q and K) , while the letter p will be reserved for 
a (finite or infinite) place of Q. For a finite p, let ord p denote the p-adic valuation 
on Q p . For notational convenience we also define ord p (oo) := oo. If a € Q p , then 
Hq p :== p~ ordp ( a ' denotes the p-adic norm of a. For p = oo, | • Iq^ = | • |r = | • | 
is the usual absolute value on Qoo = R. 

In this paper we fix once and for all an algebraic closure Q of the rationals and 
algebraic closures Q p of Q p , as well as compatible embeddings Q Q p <^-> C for 
all finite places p of Q. We extend ord p to a function from Q p into Q. Let L be 
a number field. We write Gl for G&1(L/L). If p is a prime of L, we also write 
Dp C Gl for the decomposition group of p and I p C Dp for the inertia group of p. 
The chosen embeddings allow us to identify Dp with Gal(Lp/L p ). 

For a number field L let denote the ring of adeles of L and put A := Aq. 
Write Ai j00 and A^j for the infinite part and the finite part of Al respectively. 
For a = (a p ) € A set \o>\a ■— Yl p Mq p - By a Hecke character of A£ (or of L, for 
short) we mean a continuous homomorphism 



(1.2) 




with C, 



Ff : (Ff.Ff) 



2. Notation and Terminology 



V> : L x \ A* ^ C x 
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whose image is contained inside {z G C | \z\ = 1}. The trivial Hecke character 
will be denoted by 1. The character ip factors into a product of local characters 
ip = Y\ v ip v , where v runs over all places of L. If n is the ideal of the ring of integers 
Ol of L such that 

• ip v (x v ) = 1 if v is a finite place of L, x v G O l v and x — 1 G x\Ol, v 

• no ideal m strictly containing n has the above property, 

then n will be called the conductor of ip. If m is an ideal of Ol, then we set 
ip m := Y[ tpvy where the product runs over all the finite places of L such that v \ m. 
For a Hecke character ip of A£ , denote by ip* the associated ideal character. Let 
ip be a Hecke character of A^.. We will sometimes think of ip as a character 
of (Res^/q GLi)(A). We have a factorization ip = Y\ p ip P into local characters 
ip p : (Rcs K/Q GLi) (Q p ) -» C x . For M G Z, we set ip M ~ Up^oo. p \m *Pp- If ^ is 
a Hecke character of A^., we set = V'Iax • 

2.2. The unitary group. To the imaginary quadratic extension K/Q one asso- 
ciates the unitary similitude group 



where J = 



GU(n, n) 



{A e Rcs K/Q GL n | ylJA 4 = ^t(A) J}, 



with /„ denoting the n x n identity matrix, the bar over A 

standing for the action of the non-trivial automorphism of K/Q and n(A) G GLi. 
For a matrix (or scalar) A with entries in a ring affording an action of Gal(if/Q), 
we will sometimes write A* for A* and A for (A*)^ 1 . We will also make use of the 
groups 

U(n,n) = G GU(n,n) | m(^) = 1}, 

and 

SU(n, n) = {A G U(n, n) | dct A = 1}. 

Since the case n = 2 will be of particular interest to us we set G — U(2,2), 
d = SU(2,2) and G M = GU(2,2). 

For a Q-subgroup H of G write i?i for H C\G\. Denote by G a the additive 
group. In G we choose a maximal torus 



T= { 





a 




b 


< 






a 




b_ 



a, b G Res K /Q GLi 



and a Borel subgroup B = TUb with unipotent radical 



U B = < 



Let 



la Pi 7 

1 7 — ce(p (p 
1 

-a 1 



a,/3,7 G Res K/Q G , G G a , /3 + 7aGG a 



> . 



^Q=< 



a, b G GLi 



V 
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denote the maximal Q-split torus contained in T. Let R(G) be the set of roots of 
Tq, and denote by ej, j — 1,2, the root defined by 



Oi 



02 



*2 J 



i— » a,-. 



The choice of B determines a subset R + {G) C i?(G) of positive roots. We have 

R+{G) = {ei + e 2 , ej - e 2 , 2e 1; 2e 2 }. 
We fix a set A(G) C R + (G) of simple roots 

A(G) :={ ei - e2 ,2e 2 }. 

If 6 C A(G), denote the parabolic subgroup corresponding to 6 by Pg. We have 
-Pa(g) = G and P$ = £?. The other two possible subsets of A(G) correspond to 
maximal Q-parabolics of G: 

• the Siegel parabolic P := P{ ei -e 2 } = MpUp with Levi subgroup 



= | ^ ^ | A G Rcs K/Q GL 2 | , 



and (abelian) unipotent radical 

"1 by b 2 
1 b 2 b A 
1 

1 



61,646 G , i)2 e Rcs^q G„ 
the Klingen parabolic Q := P{ 2 e 2 } = MqUq with Levi subgroup 





X 




a b 


< 






X 




c d 



x e Rcs^/Q GLi, 



a b 

c d 



eU(i,i) 



and (non-abelian) unipotent radical 
1 a (3 7 



1 7 
1 



-a 1 



a,/3,7 G Res K/Q G a , (3 + ja£G a 



For an associative ring R with identity and an i?-module N we write TV™ to denote 
the i?-module ofnxm matrices with entries in N. We also set iV" := TV™, and 
M„(7V) := iV™. Let a; = G M 2n (iV) with A,B,C,D G M„(7V). Define 

flx = A, 6^; = B, = G, d x = D. 

For M G Q, N G Z such that MTV G Z we will denote by D(M, N) the group 
G(R) n pt oc^o, P (M,AO c G(A), where 

(2.1) KojM, N) = {xe G(Q P ) | a,, d x G M 2 (0 K , P ) , 

6. G M 2 (M- 1 Ok., p ), c x eM 2 (MNO K , p )}. 

If M = 1, denote D(M,N) simply by D(iV) and K Q , p (M,N) by K , P (N). For 
any finite p, the group i^o.p := ^Q),p(l) = G(Z p ) is the maximal (open) compact 
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subgroup of G(Q P ). Note that if p \ N, then K . p = K . P (N). We write K . f (N) := 
Ilpfoo Ko,p{N) and Kqj := ifo,t(l). Note that Jfo,f is the maximal (open) compact 
subgroup of G(Af). Set 

^0,00 := I A B B A eG(R)\A,BeGL 2 (C),AA*+BB*=I 2 ,AB*=BA*Y 

Then -Ko.oo is the maximal compact subgroup of G(R). Let 
U{m) := {A G GL m (C) | A4* = 7 m } . 

We have 

Xo,oc - G(R) n (7(4) ^> (7(2) x (7(2), 
where the last isomorphism is given by 
A B] 



-B A 



(A + iB, A — iB) e U(2) x £7(2). 



Finally, set K (N) := K 0tOO K j(N) and K := K (l). The last group is the 
maximal compact subgroup of G(A). Let M G Q, N <E Z be such that MN e Z. 
We define the following congruence subgroups of G(Q): 

I*(M,A0 :=G(Q)nD(M,iV), 

(2.2) r?(M,7V) := {a e ^(M, iV) | a a - 1 G M 2 (iVO K )},, 

r h (M,7V) := {a G rJ(M,JV) | 6 Q G M 2 (M- 1 AfO K )} 

andsetr*(7V) :=T%(1,N),T\(N) :=T^(1,N) &ndT h (N) :=r h (l,iV). Because we 
will frequently use the group Tq(1), we reserve a special notation for it and denote 
it by T z . Note that the groups T%(N), T^(N) and T h (N) are U(2, 2)-analogues 
of the standard congruence subgroups T (N) 7 Ti(N) and T(N) of SL 2 (Z). In 
general the superscript 'h' will indicate that an object is in some way related to the 
group U(2, 2). The letter 'h' stands for 'hermitian', as this is the standard name of 
modular forms on U(2, 2). 

2.3. Modular forms. In this paper we will make use of the theory of modular 
forms on congruence subgroups of two different groups: SL 2 (Z) and Tz- We will 
use both the classical and the adelic formulation of the theories. In the adelic 
framework one usually speaks of automorphic forms rather than modular forms 
and in this case SL 2 is usually replaced with GL 2 . For more details see e.g. [11], 
chapter 3. In the classical setting the modular forms on congruence subgroups 
of SL 2 (Z) will be referred to as elliptic modular forms, and those on congruence 
subgroups of Tz as hermitian modular forms. 

2.3.1. Elliptic modular forms. The theory of elliptic modular forms is well-known, 
so we omit most of the definitions and refer the reader to standard sources, e.g. 
[29]. Let 

H := {z G C I Im(z) > 0} 
denote the complex upper half-plane. In the case of elliptic modular forms we 
will denote by r (^V) the subgroup of SL 2 (Z) consisting of matrices whose lower- 
left entries are divisible by N, and by Ti(N) the subgroup of r (^V) consisting of 
matrices whose upper left entries are congruent to 1 modulo N. Let T C SL 2 (Z) be 
a congruence subgroup. Set M m (T) (resp. S TO (r)) to denote the C-space of elliptic 
modular forms (resp. cusp forms) of weight m and level T. We also denote by 
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M m (N,tl>) (resp. S m (N,ip)) the space of elliptic modular forms (resp. cusp forms) 
of weight to, level N and character tp. For /, g e M m (T) with either / or g a cusp 
form, and fcTa finite index subgroup, we define the Petersson inner product 

{f,9)r>~ [ f(z)gjz~)(lmz) m - 2 dxdy 7 
Jr'\n 



and set 



(/ ' 9):= (lCW7Fi (/ ' 9> ' 



— / 



where SL 2 (Z) := SL 2 (Z)/(-7 2 ) and T is the image of V in SL 2 (Z). The value 
(f,g) is independent of T'. 

Every elliptic modular form / € M m (N, ip) possesses a Fourier expansion f(z) = 
EnLo °( n )9": where throughout this paper in such series q will denote e(z) :— e 2mz . 
For 7- [ a c b d ] e GL+(R), set j( 7 , 0) = cz + d. 

In this paper we will be particularly interested in the space S m (4, (— )), where 
(=±) is the non-trivial character of (Z/4Z) X . Regarded as a function Z — > {1, —1}, 
it assigns the value 1 to all prime numbers p such that (p) splits in K and the 
value —1 to all prime numbers p such that (p) is inert in K. Note that since 
the character ( — ) is primitive, the space S m (4, ( — )) has a basis consisting of 
primitive normalized eigenforms. We will denote this (unique) basis by N. For 
/ = E~ 1 a(n)q n € N , set f := £~ , ^)g" e N. 

Fact 2.1. ([29]) One has a(p) = (=^j a(p) for any rational prime p\2. 

This implies that a(p) = a{p) if (p) splits in K and a{p) = —a(p) if (p) is inert in 
K. 

For / € Af and £7 a finite extension of containing the eigenvalues of T n , 
n = 1,2,... we will denote by pf : Gq — > GL 2 (S) the Galois representation 
attached to / by Deligne (cf. e.g., [5], section 3.1). We will write for the reduction 
of pf modulo a uniformizer of E with respect to some lattice A in E 2 . In general /5/ 
depends on the lattice A, however the isomorphism class of its semisimplification 
~py is independent of A. Thus, if p/ is irreducible (which we will assume), it is 
well-defined. 

2.3.2. Hermitian modular forms. For a systematic treatment of the theory of her- 
mitian modular forms see [12], [25] and [24]. We begin by defining the hermitian 
upper half-plane 

H = {Z e M 2 (C) I -i(Z- Z l ) > 0}, 

where i= [\]. Set Rc Z = \{Z + Z*) and ImZ = -\\{Z - Let 

G+(R) := {g € G M (R) I p(.g) > 0}. 

The group G+(R) acts on W by 7Z = (a 7 Z + 6 7 )(c 7 Z + d^)- 1 , with 7 e G+(R). 
For a holomorphic function F on H, an integer to and 7 e G+(R) put 

F\ml = pi~ 1 ) 2m - A 3i^ZY m FilZ), 
with the automorphy factor j( 7 , Z) = det(c 7 Z + c? 7 ). 

Let T h be a congruence subgroup of Tz- We say that a holomorphic function F 
on H is a hermitian modular form of weight to and level T h if 

^7 = ^ 
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for all 7 e T h . The group T h is called the tei;e/ off. If T h = T^(iV) for some N G Z, 
then we say that F is of level N. Forms of level 1 will sometimes be referred to as 
forms of full level. One can also define hermitian modular forms with a character. 
Let T h = ^(iV) and let : A£ — > C x be a Hecke character such that for all finite 
p, Vv(a) = 1 for every a G with a — 1 G NOk, p - We say that F is o/ Zeue/ AT 

and character ip if 

F| m 7 = V>iv(det a 7 )F 

for every 7 G T^A 7 ). 

A hermitian modular form of level T h (M, A 7 ) possesses a Fourier expansion 

F(Z)= J2 c(T)e(trrZ), 

reS(M) 

where 5(M) = {x G S \ tixL(M) C Z} with S={li€ M 2 {K) \ h* = h] and 
L{M) = S fl M 2 (MOk)- As we will be particularly interested in the case when 
M = 1, we set 



5:= 5(1) = 



ti t 2 

*2 *3 



e M 2 (K) \t 1 ,t 3 eZ,t 2 e \p K }. 



We denote by A4 m (r h ) the C-space of hermitian modular forms of weight m 
and level r h , and by M m (N,ip) the space of hermitian modular forms of weight 
m, level N and character V- For F G M m (T h ) and a G G+(R) one has F| m a£ 
A / I m (a _1 r h a) and there is an expansion 

F\ m a = ^ c Q (r)e(tr tZ). 

We call F a cusp form if for all a G G+ (R) , c a (r) = for every r such that det r = 
0. Denote by <S m (r h ) (resp. S m {N,xp)) the subspace of cusp forms inside M m (T h ) 
(resp. M m {N, If V = 1, set A4 ro (A0 := M m (A^ 1) and S m (JV) := S m (N, 1). 

Theorem 2.2 (q-expansion principle, [17], section 8.4). Let £ be a rational prime 
and N a positive integer with £ \ N . Suppose all Fourier coefficients of F G 
M m (N 7 ip) lie inside the valuation ring O of a finite extension E ofQe- If J G Tz, 
then all Fourier coefficients o/F| m 7 also lie in O. 

If F and F' are two hermitian modular forms of weight to, level T h and character 
■0, and cither F or F' is a cusp form, we define for any finite index subgroup Tq of 
r h , the Petersson inner product 

(F,F') rh := [ F(Z)F 7 (Z)(dctY) m - i dXdY, 
Jr*\n 

where X = Re Z and Y = Im Z, and 



(F,F') = ^ z :T h ]-'(F,F') 



where Tz := Tz/ (i) and r o is the image of Tq in Tz- The value (F, F') is indepen- 
dent of Tq. 

There exist adelic analogues of hermitian modular forms. For F G M m {N 1 ip), 
the function ipp ■ G(A) — > C defined by 

¥>F(flO = j(.goo,i) _m F( ffoo ,i)0" 1 (det4), 

where g = gQgook G G(Q)G(R)ATo,f(-^V), is an automorphic form on G(A). 
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3. ElSENSTEIN SERIES 

The goal of this section is to compute the residue of the hermitian Klingen 
Eisenstein series (cf. Definition 3.1 and Theorem 3.10). This computation will be 
used in the next section. 



3.1. Siegel, Klingen and Borel Eisenstein series. Siegel and Klingen Eisen- 
stein series are induced from the maximal parabolic subgroups P and Q of G = 
U(2, 2) respectively. (For the definitions of P and Q see section 2.2.) Let 

S P : P(A) - R+ 

be the modulus character of P(A), 

(3.1) 6 

with A £ Res K /Q GL 2 (A), u £ Up(A), and 

5 Q : Q(A) -> R 4 

the modulus character of Q(A), 



"A 






.)- 


i 



(3.2) 



<5q 



/ 


X 


\ 




a b 








u 




X 




V 


c d 


J 



with x e Res K/Q GLi(A), [°&] e U(1,1)(A) and u e ^q(A). As before, ^ = 
-fi'o.oc^o.f wm denote the maximal compact subgroup of G(A). Using the Iwasawa 
decomposition G(A) = P(A)Kq we extend both characters 5p and 5q to functions 
on G(A) and denote these extensions again by Sp and 5q. 

Definition 3.1. For g £ G(A), the series 

E P (g,s):= 5 p^9Y 

P(Q)\G(Q) 

is called the {hermitian) Siegel Eisenstein series, while the series 

E Q (g,s):= Yl S Q^ S 

Q(Q)\G(Q) 

is called the (hermitian) Klingen Eisenstein series. 

Properties of Ep(g, s) were investigated by Shimura in [36]. We summarize them 
in the following proposition. 

Proposition 3.2. The series Ep(g,s) is absolutely convergent for Re (s) > 1 and 
can be meromorphically continued to the entire s-plane with only a simple pole at 
s = 1. One has 

45L(2,(=4)) 



(3.3) 



res s= i E P (g,s) = 



4^(3,^))' 
where L(-, ■) denotes the Dirichlet L-function. 
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Properties of the Klingcn Eisenstein series were investigated by Raghavan and 
Scngupta in [32]. The only difference is that instead of -E"q(<?, s), [32] uses an 
Eisenstein series that we will denote by E S (Z). The connection between Eq(q,s) 
and E S (Z) is provided by Lemma 4.6. After the connection has been established 
the following proposition follows from Lemma 1 in [32] . 

Proposition 3.3. The series -Eq(<?, s) converges absolutely for Re (s) > 1 and can 
be meromorphically continued to the entire s-plane. The possible poles of Eq(g,s) 
are at most simple and are contained in the set {0, 1/3, 2/3, 1}. 

In section 3.4 we will show that Eq{g, s) has a simple pole at s — 1 and calculate 
the residue. 

Both Ep(g, s) and Eq(g, s) have their classical analogues, i.e., series in which g 
is replaced by a variable Z in the hermitian upper half-plane Ji. Let g^ e G(R) 
be such that Z — g^'i and set g = 1) e G(R) x G(A f ). Define 

E P (Z,s) :=E P (g,s) 

and 

E Q (Z, s)=E Q (g,s). 
We will show in Lemma 4.6 that 



Eq(Z,s)= 



7 eQ(z)\r z 



detlm (jZ) \ 3s 



(7^)2,2/ ' 

where for any matrix M we denote its (i,j)-th entry by M^j. 



Remark 3.4. Note that we use the same symbols Ep(-,s) and Eq(-,s) to denote 
both the adelic and the classical Eisenstein series. We distinguish them by inserting 
g € G(A) or Z £ Ti. in the place of the dot. We will continue this abuse of notation 
for other Eisenstein series we study. 

We now turn to the Eisenstein series which is induced from the Borel subgroup 
B of G, which we call the Borel Eisenstein series. It is a function of two complex 
variables s and z, defined by 

E B (g,s,z):= M7S) S M7S) Z - 

7GB(Q)\G(Q) 

Note that as the Levi subgroup of B is abelian (it is the torus T), the character 
SqS p is a cuspidal automorphic form on T(A). Thus the following proposition 
follows from [30], Proposition II. 1.5. 

Proposition 3.5. The series Ep(g, s, z) is absolutely convergent for 
(s, z) e {(s', z 1 ) e C x C I Re («') > 2/3, Re (z') > 1/2}. 
It can be meromorphically continued to all of C x C . 

Remark 3.6. It follows from the general theory (cf. [26], chapter 7) that by taking 
iterated residues of Eisenstein series induced from minimal parabolics one obtains 
Eisenstein series on other parabolics. These series are usually referred to as residual 
Eisenstein series. In fact Ep and Eq are residues of Eb taken with respect to the 
variable s and z respectively. We will prove this fact in section 3.5, but see also 
[21], Remark 5.6. 
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3.2. Siegel Eisenstein series with positive weight. In this section we define 
an Eisenstein series induced from the Siegel parabolic, having positive weight, level 
and non-trivial character. For notation refer to section 2. Let m, N be integers 
with m > and N > 0. Note that .Ko.oo is the stabilizer of i in G(R). Let ip ■ 
K x \ — > C x be a Hecke character of A^- with local decomposition tp = Y\ p ipp, 
where p runs over all the places of Q. Assume that 



and 

ipp(x P ) = 1 if p ^ oo, x p e Ok, p i and Xp-1 e NOk, p - 

As before we set ipN = Ilp|jvVv Let 5p denote the modulus character of P. We 
define 

Hp : M P (Q)Up(A) \ G(A) -» C 

by setting 



(0 g?P(A)K (N) 
\ ? A(dctd 9 )-VA r (detd K )- 1 j(^oo,i)- m g = qk e P(A)K (N). 



Recall that for g e G(R), j(g,Z) := det(c g Z + d g ). Note that fip has a local 
decomposition \ip ~ Yip^P.p^ where 



(3.4) Hp,p(qpHp) = < 



'^(detdgj- 1 ifpfTVoo, 
^ p (detd 9p ) _1 ^p(detd Kp ) if p | 7V,p 7^ 00, 
^oo(detd ( j 30 ) _1 j(Koc,i) _m ifp = oo 



and 5p has a local decomposition 5p = J7 (5p p , where 



(3.5) 5 



p, P 



Definition 3.7. The series 





'A 




( 








i 





I detAdet^| Qp . 



E(g,s,N,m,iP):= ^ Mp(75)M7S) s/2 

7 GP(Q)\G(Q) 

is called the (hermitian) Siegel Eisenstein series of weight m, level N and character 

v>. 

The series E(g, s, N, m, V') converges for Re (s) sufficiently large, and can be 
continued to a meromorphic function on all of C (cf. [36], Proposition 19.1). It 
also has a complex analogue E(Z, s, m, tp, N) defined by 

E(Z, s, m, ip, N) := j{ 9oo , i) m E(g, s, N, m, 

for Z = gooi, g = <7Q<7ocAf <= G(Q)G(R)K j(N). It follows from Lemma 18.7(3) 
of [36] and formulas (16.40) and (16.48) of [37], together with the fact that K has 
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iMdet d 7 )" 1 (det Im Z) s - m l 2 \ ml = 



class number one that 
(3-6) 

E(Z,s,m,ip,N) = E 

7£(^(Q)nrS(Jv))\rS(iv) 

= E VAf(detd 7 ) _1 det(c 7 Z + d 7 )~ m x 

7 e(p(Q)nrg(iv))\rS(iv) 

x | dct(c 7 Z + d 7 )r 2s+m (dct Im Z) s - m/2 . 

3.3. The Eisenstein series on U(l, 1). Let B 1 denote the upper-triangular Borcl 
subgroup of U(l, 1) with Levi decomposition B\ = T\U\, where 



Ti := 



a e Res^/Q GLi| 



and 



Ui = 



1 x 
1 



x e G a 



Let Si : Bi (A) — ► R + be the modulus character given by 



Si 





a 




( 




») 




a 





u = oa A 



for u e f/i(A). Let i^i = Ki i00 Ki t { denote the maximal compact subgroup of 
U(1,1)(A) with 

"a 



Kl oo = 



e GL 2 (C) I |a| 2 + 



= 1, a/3 e R j 



being the maximal compact subgroup of U(l, 1)(R) and K\j = Jlp^oo U(L 1)(Z P ). 
As usually we extend Si to a map on U(l, 1)(A) using the Iwasawa decomposition. 
For g e U(1,1)(A), set 

(3-7) Su ( i,i)(fl,«)= E *i(^) a - 

7 eBi(Q)\U(l,l)(Q) 

The following proposition follows from [36], Theorem 19.7. 

Proposition 3.8. The series £'u(i > i)(<7; s) converges absolutely for Re (s) > 1 cm<i 
continues meromorphically to all of C. /ias a simple pole at s = 1 wif/i residue 
3/tt. 

We now define a complex analogue of £xj(i,i)(<7, s). As SL 2 (R) acts transitively 
on H, so does U(l, 1)(R) D SL 2 (R). Hence for every zi € H there exists <?oo € 
U(1,1)(R) such that zi = . 9oo i. Set g = (c/oo,l) G U(1,1)(R) x U(l,l)(A f ). An 
easy calculation shows that 

(3.8) Si(g)=lm( Zl ). 

For Zi and g as above, we define the complex Eisenstein series corresponding to 
£u(M)(5, s ) by 

(3-9) E v{ i A) (zi,s) := E v{ i A) (g,s). 

It is easy to see that 

(3.10) £u(i,i) (*i.*)= E ( Im (7^i)) s - 

7 esi(z)\u(i,i)(z) 
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The series £u(i,i) ( z i? s ) possesses a Fourier expansion of the form 

E uil , 1) (z 1 ,8) = Y,c n {vi,8)e 2 * in *\ 
nez 

where x\ :— Re {z\) and y\ := Im (zi). 

Lemma 3.9. Let z\ and g be as before, i.e., z\ = g^i. Then 

C0 ^^ = ^ + C (2s) r W ^ ' 
where £(s) denotes the Riemann zeta function. 

Proof. This is a standard argument. See, e.g., [4], the proof of Theorem 1.6.1. □ 

3.4. Residue of the Klingen Eisenstein series. Let Eq(g,s) be the Klingcn 
Eisenstein series defined in section 3.1. This section and section 3.5 are devoted to 
proving the following theorem. 

Theorem 3.10. The series Eg(g, s) has a simple pole at s = 1 and one has 

(3-11) res 5= i E Q (g,s) = - v , v ] >> , 

Q 4Ck(2)L(3,(^))' 

where (k(s) denotes the Dedekind zeta function of K . 

Theorem 3.10 is a consequence of the following proposition. 

Proposition 3.11. The following statements hold: 

(i) For any fixed s e C with Re (s) > 2/3 the function Es(g, s, z) has a simple 
pole at z = 1/2 and 

(3.12) Tes z=1/2 E B (g,s,z) = I-Eq^s + 1/3). 

(ii) For any fixed z e C with Re (z) > 1/2 the function Esig, s, z) has a simple 
pole at s = 2/3 and 

(3.13) res s=f E B (g, s, z) = ^^jE P (g, z + 1/2) . 

Indeed, using Proposition 3.11 and interchanging the order of taking residues we 
obtain: 

res s=§ E Q (g, s + I) = |^_res z=| E P (g, \ + z 



By Proposition 3.2, 



, 1 \ 45L(2,(^)) 

res,_i E P \ q, - + z = 7 — ; , 

" 2 J 4ttL(3, (=±))' 



and thus we finally get 

5r»L(2,(=4)) 



res s= i E Q (g,s) 



4Ck(2)L(3,(^))' 

which proves Theorem 3.10. 

We now prepare for the proof of Proposition 3.11, which will be completed in 
section 3.5. 
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Let 



G Mq(A). Since G U(1,1)(A), we can use the Iwasawa 

decomposition for U(1,1)(A) with respect to the upper-triangular Borel to write 
[cd] = ["&] K with K e K ^ where is as in section 3.3. Note that if k = [%\ %\], 



then 



Kl K 2 

1 

K 3 K 4 



G Kq. Define a character 
Q : M Q (A) 



R + 



by 

and a character 
by: 
(3.14) 



/ 


X 




\ 




f 


X 




"1 








a 


b 

<* 






1 

X 




a /3 
1 




= \aa\ A 


V 


c 


d 


J 




\ 


1 




a 


) 





bp : Afp(A) -» R+ 



/I 



/ 


X * 




Kl 


K2 




\ 




y 














X 






K[ 


K 2 




V 


* v. 






K 3 


K4 


J 



\xy \xy ^U, 



where we used the Iwasawa decomposition for GL 2 (Ax) = Resx/Q GL 2 (A) with 
respect to its upper-triangular Borel Bp, and its maximal compact subgroup Kp = 
tf(2) ILfoo GU(O k ,v) to write A G GL 2 (A K ) as 

e B R (A)K R . 



A = 


x * 




«1 


«2 




y. 




«3 


AC4 



We again have 



K 3 K 4 



G #0- 



Extend and <pp as well as Sq and (5p to functions on G(A) using the Iwasawa 
decompositions 

(3.15) G(A) = B(A) K = P(A) K = Q(A) K . 
A simple calculation shows that 

(3.16) S'qS'p = t\ 



for any complex numbers s and z. Let Ep(g,s,z) be the Borel Eisenstein series 
defined in section 3.1. By Proposition 3.5 the scries is absolutely convergent if 
Re (s) > 2/3 and Re (z) > 1/2 and admits meromorphic continuation to all of C 2 . 
Using identity (3.16) and rearranging terms we get: 

E B (g,s,z):= £ 8 Q { lg y + i z £ Q (a 75 ) 2z = 

7£Q(Q)\G(Q) aeB(Q)\Q(Q) 



(3.17) 



7 €P(Q)\G(Q) aeB(Q)\P(Q) 
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Let £tj(i,i)(S' s ) be the Eisenstein series defined by formula (3.7). We also define 
an Eisenstein series on Res^/Q GL 2 (A) by: 



(3.18) 



Er CSk/q GL 2 {g,s) = ^ SiihgY 

7€B fi (Q)\Res K/Q GL 2 (Q) 



where Sr denotes the modulus character on Br defined by: 

Sr. '■ Br — > R + 



(3.19) 

The following maps 

(3.20) 

and 
(3.21) 

give bijections 
and 



a * 
b 



— \aab b 



ITT 1 ! 1 / 2 



n Q : MqC/q - U(l, 1) 



X 


\ 


_ 


a b 






a 




,u 


i — > 




X 






c 


c d 


J 





ir P : P — > Rcs^/Q GL 2 



B(Q)\Q(Q)SB!(Q)\U(1,1)(Q) 
B(Q) \ P(Q) = B fl (Q) \ Res K/Q GL 2 (Q), 



respectively. 

On the A-points we can extend ttq to a map G(A) — ► U(l, l)(A)/ifi and irp to a 
map G(A) — » Rcs^/q GL 2 (A)/Jl'/{ by declaring them to be trivial on if . Hence 
we can rewrite (3.17) as 

(3.22) e b (0,*,*):= Yl hiig) s+lzE v ( i.i)Mig)^) = 

7€0(Q)\G(Q) 



^ <5p(7.9) |s+z ^Rcs K/Q gl 2 (ttp(7s), 2 s) - 

7 GP(Q)\G(Q) 



3.5. Eq((),s) as a residual Eisenstein series. In this section we complete the 
proof of Proposition 3.11. We will only present a proof of part (i) of the proposi- 
tion as the proof of (ii) is completely analogous. (In part (ii) the role of £oj(i.i) 
(see below) is played by Er CSk/q ql 2 f° r which an easy computation shows that 
res s= i Er CSk/q gl 2 (.9, s) — 7r 2 /(4(^f (2)).) In what follows Z will denote a variable in 
the hermitian upper half-plane H, and z\ a variable in the complex upper half-plane 
H. Otherwise we use notation from sections 3.1-3.4. Write g — 5q5ooK £ G(A) 
with gQ £ G(Q), g^ £ G(R) and k £ Kqj. We have ER(g,s,z) = EB.(goo, s, z) 
and EQ(g 7 s) = EQ(g 00 ,s), hence it is enough to prove (3.12) for g = (<?oo,l) £ 
G(R) x G(Af). Let K\ denote the maximal compact subgroup of U(l, 1)(A) and 
let ttq : G(A) -> U(l, 1)(A)/A"i be as in formula (3.20). Lemmas 3.12 and 3.14 arc 
easy. 
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Lemma 3.12. If g = (g^, 1) £ G(A), then Im {nQ(g)ooi) = Im (gooi)2,2- 

Remark 3.13. Note that for any 2x2 matrix M with entries in C one has 
Im (M22) = (Im (M))2 t 2- Hence the conclusion of Lemma 3.12 can also be written 
as Im (TTQ(g)ooi) = Im ((5001)2,2)- 

Lemma 3.14. For any Z £ Ti, there exists 7 G Q(Z) such that (Im 7^)2.2 > \- 

The next lemma is just a simple adaptation to the case of hcrmitian modular 
forms of the proof of Hilfsatz 2.10 of [10]. 

Lemma 3.15. For every Z £H, we have 

sup det Im ("fZ) < 00. 

Proposition 3.16. Let S > and 5 = (5^, 1) G G(R) x G(A f ). For every s £ C 
with Re (s) > 1 + S and every z £ C with \z — h\ < 5, the series 



S Q (7g) s+2z/3 E v{1A) (n Q ( 7 g),2z) 



(3.23) D:=\z -l/2\ £ 

7eQ(Q)\G(Q) 
convenes. 

Proof. Using the same arguments as in the proof of Lemma 4.6 (cf. section 4.2) 
one shows that 

3s+2z 



D 



E 

7 eQ(z)\r z 



det Im 



(Im (7^)2,2/ 



\z - 1/2| \E v ^ 1) (n Q ('yg) 00 i,2z)\. 



(Note that z 1 :— 7Tq (75)00* is a complex variable.) As 5 = (500, 1) and 7 G Tz C 
ifo.f, we have ^(3(75)00 = ttq((75oo, l))oo- By Lemmas 3.12 and 3.14 we can find a 
set S of representatives of Q(Z) \ Fz such that for every 7 G S we have 

(3-24) Im (7^(75)001) = Im ((75001)2,2) > ^ 

The series £u(i,i) ( z ii %z) has a Fourier expansion of the form 

E vihl) ( Zl ,2 Z ) = ^ Cn (2z,Im(z 1 ))e 2 ™ Rc ( Zl ), 

and Su(i,i)(2!i, 2z) — co(22, Im (21)) for every fixed z\ continues to a holomor- 
phic function on the entire z-plane and for every fixed z is rapidly decreasing 
as Im(zi) — > 00. It follows that for any given N > there exists a constant 
M(N) (independent of z\ and independent of z as long as \z — 1/2 1 < S) such 
that l^uf!.!)^!, 2z) - c (2z,Im (zi))| < M(N) as long as Im (zi) > N. Set x 7 := 
Re (ttq (75)00*) and y 7 := Im (7^(75)00*) = Im ((75001)2,2) • Taking N = 1/2, we 
see by formula (3.24) that there exists a constant M (independent of 7) such that 
l-£'U(i,i)( a; 7 2z)| < M + \co(2z, y 7 )|. Using (3.8) and Lemma 3.9 one sees that 

there exists a positive constant G independent of z and of 7 such that 

|z-l/2||c (2z,5 7 )| <C+\y 7 \ 1+2S . 

Thus we conclude that there exists a positive constant A (independent of z and 7) 
such that 



(3.25) 



2 ) £u(i,i) K3(7Soo)i,2z) 



< A(l + Im (ttq (7500 )i) 1+2S ) 
= A(1 + Im( 7 5ooi)^). 
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For s' £ C lying inside the region of absolute convergence of E s > (Z) let 



\E\AZ):= 

7eQ(z)\r z 



dot Im 



(jzy\ l 



(Im (jZ)) 2 , 2 J 



denote the majorant of E S (Z). By formula (3.25) we have 



(3.26) D < A\E\ 3s+2z (Z) + AJ2 

7£S 



det Im 



3s+2z 



(Im { r yZ))2,2j 



(Im( 7 Z))i+ 25 . 



/ det Im (jZ) \ '' 
{(Im (>yZ)) 2 , 2 ) 



(detlm {iZ)) 1+2S . 



Note that |.E|3 S+ 2 Z (Z) is well-defined (i.e., 3s + 2z is in the region of absolute 
convergence of E S >(Z)) by our assumption on s and z. Denote the second term of 
the right-hand side of formula (3.26) by D 2 . Then 

3s+2z-(l+25) 

D 2 = AJ2 

By Lemma 3.15 there exists a constant M(Z) such that detIm( 7 Z) < M(Z) for 
every 7 £ S and hence 

D 2 < AM(Z) 1+2S \E\ 3s+2zHl+2S) < 00 

as Re (3s + 2z — (1 + 26)) > 3 by our assumptions on z and s. This finishes the 
proof. □ 

Proof of Proposition 3.11. We need to show that for a fixed s £ C with Re (s) > 
2/3 and for every e > there exists 8 > such that \z — 1/2| < 5 implies 



(3.27) D(z) :-- 



1 

Z -~2 



E M7Sr +2z/3 £u(i,i)(^Q(7S),2z)- 
7£Q(Q)\G(Q) 

3 

27 



< e. 



- ^ E M7 5 ) s+1/3 

7eQ(Q)\G(Q) 

As remarked at the beginning of the section we can assume without loss of 
generality that g = (, 9oc , 1) £ G(R) x G(A f ). We first show that (3.27) holds for 
s with Re(s) > 1. Fix s £ C with Re (s) > 1 and 5' > such that < <5' < 
Re (s) — 1. From now on assume \z — 1/2 1 < 5'. Fix a set S of representatives of 
Q(Q) \ G(Q). By Proposition 3.16 and the fact that Eg(g, s') converges absolutely 
for s' with Re (s') > 1, there exists a finite subset Si of S such that the following 
two inequalities: 



(3.28) 



(3.29) 



E |(M7S)) 

7£S2 



s+1/3 



< 



7T£ 



6 ' 



E 

7es 2 



^(7.9) s+2z/3 ^u(i4)(^(7.9),2z) 



< 



are simultaneously satisfied. Here S2 denotes the complement of Si in S. We have 
D(z) < Di(z) + D 2 {z), where 



( Z -1)J2 5 Q (l9) s+2z/3 E m i.^ Q ( lg ),2z) - A E 5q(7.9) s+1/3 
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Note that if we replace 8' with a smaller 8" > 0, then estimates (3.28) and (3.29) 
remain true as long as | z — 1/2| < 8" for the same choice of S\ . Hence we find 8 > 
with 8 < 8' such that D\{z) < §. This is clearly possible as D\(z) is a finite sum 
and it follows from Proposition 3.8 that 3/27T is the residue of £u(i,i) (^Q^sO? % z ) 
at z = 1/2. On the other hand D 2 (z) < D 3 (z) + D^z), where 

1 M7.9) s+2z/3 £u(M)(^q(7.9),2z) 



D 3 (z) := 



76S2 



and 



: =^H |(M7fl)) s+1/3 



76S2 



Formulas (3.28) and (3.29) imply now that D 3 (z) < e/4 and D A {z) < e/4. Hence 
D(z) < D x {z) + D 2 (z) < Di{z) + D 3 {z) + D A {z) < e 

as desired. 

We have thus established the equality res z=1 / 2 -EB(<7, s, z) = ^Eq(g, s + 1/3) for 
s with Re (s) > 1. However, both sides are meromorphic functions in s and since 
the right-hand side is holomorphic for Re (s) > 2/3, so must be the left-hand side. 
Hence they agree for Re (s) > 2/3. □ 

4. The Petersson norm of a Maass lift 

The goal of this section is to express the denominator of Cf } in formula (1.2) by 
a special value of the symmetric square L-function of /. 

4.1. Maass lifts. Let H, as before, denote the complex upper half-plane. The 
space H x C x C affords an action of the Jacobi modular group r J := SL 2 (Z) x 0\, 



ar+b z 

cr+cP cr+d' cr+d 



under which ([jj] , A, fx) takes (T,z,iii)eHxCxCto| 

Definition 4.1. A holomorphic function 

0:HxCxC^C 

is called a Jacobi form of weight k and index m if for every ["J] € SL 2 (Z) and 



a b 
c d 



(cr + d) k e 



-m- 



ct + d 



ct + d ' ct + d' ct + d 



and 



t [A, n] := e(m\\t + Xz + Xw) 4> m {T, z + At + /1, w + Xt + (1). 



Let k be a positive integer divisible by 4 and F a hermitian cusp form of weight 
k and full level. By rearranging the Fourier expansion F(Z) = J2beS c (B)e(tr BZ) 
of F we obtain 

(4.1) F(Z)= <P m (T 1 z 1 w)e(mT l ) 

m£Z >0 

where Z= [ T w *,] e H and 

t' 



4> m (T,Z,w) 



ti<lm 



t m 



e(lr + tz + tw) 
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is a Jacobi form of weight k and index m. The expansion (4.1) is called the Fourier- 
Jacobi expansion of F. 

Definition 4.2. The Maass space denoted by Sjf(Tz) is the C-linear subspace of 
Sk(Fz) consisting of those F € Sk(Tz) which satisfy the following condition: there 
exists a function c* F : Z>o — > C such that 

c F {B)= d^cp^detB/d 2 ) 

deZ >a .d\e(B) 

for all B e S, where e(B) := max {a e Z >0 | \B E <s} . We call F € (r z ) a 
Maass form or a GMP /orm. 

Theorem 4.3 (Raghavan-Sengupta [32]). TTiere exists a C-linear isomorphism 
between the Maass space and the space 



(4.2) 



We will describe this isomorphism in more detail. Any Jacobi form tp of weight k 
and index 1 can be written as a finite linear combination: 

(4.3) i>(T,z,w)=Y / ft(T)O t (T,z,w), 

teA 

where A = {0, \, §, 9 t (T,z,w) := J2\et+o K e (^ T + ^ + w ) and 

/ t (r) = J2 c* F (l)e(lr/4). 

l>0,l = -4nt (mod 4) 

The map ip(T,z,w) i— » /o(t) gives an injection of J/c,i, the space of Jacobi forms 
of weight k and index 1, into Sk-i (4, ( — )). If we put tp = <pi and define <j> 
by <fi\k-i [4"*] = fo, the composite F \— » </>i(t, z,tu) i— » /o(t) i— ► gives the 
isomorphism alluded to in Theorem 4.3. Denoting this isomorphism by f2, we can 
map any normalized Hecke eigenform / = ^2 n>1 b(n)q n € Sfc-i (4, (— )) to the 

element F f := O"^/ - .f) e <S£*(r z ). Here fP = £„>! 6(n)g n . This lift ing is 
Hecke equi variant in a sense, which will be explained in section 5.4. Note that 
Ff = -F f p and F f ^ if and only if / ^ fP. 

Definition 4.4. If / ^ fP, then F f is called the Maass lift of f or the CAP lift of 
/• 

Proposition 4.5. /// = X)^Li &( n )<z" € Sfe-i (4, (— )) is a normalized eigenform, 
then 



(4.4) c^(n) 



^*(&(„)-6(„)) if n ^ 1 (mod 4) 
if n = 1 (mod 4) ' 



where u(n) := #{t e A \ 4N(t) = -n (mod 4)}. 

Proof. This follows from formula (4) on page 670 in [25]. □ 
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4.2. The Petersson norm of Ff. To express (Ff,Ff) by an L- value we will use 
an identity proved in [32] that involves a variant E S (Z) (defined below) of the 
Klingen Eisenstein series Eg(g, s) (which was defined in section 3.1). For a matrix 
M, denote by Mjj the (i, j)-th entry of M. Let C be the subgroup of Tz consisting 
of all matrices whose last row is [0 l] . Set 



E a (Z) 



E 

7ec\r z 



dct Im -yZ 



E Q (g,s) = ^E 3s (Z). 



{lm 7 Z) 1A/ 

The series converges for Re (s) > 3 ([32], Lemma 1). 
Lemma 4.6. Let g = (goo, 1) € G(A) and Z — g^i. Then 

(4.5) 

Proof. First note that 

y /dctlmyZ 

where C is the subgroup of Tz consisting of matrices whose last row is of the form 
[0 a] with a e O^. Moreover we have C = wQ(Z)w^ 1 with w = 
This gives 



E 

7ec\r z 



dct Im jZ 
(Im 7^)1,1 



= E 

7eQ(z)\r z 



det Im 7/7771; X Z 
(Im wyw~ 1 Z)i j i 



= E 

7GQ(Z)\r z 



dct Im jZ 
(Im 7^)2,2 



as w E Tz- 

Now for 7 e T z we have S Q (jg) = S Q (q), where q = (q^, 1) and 7500 = q x K a 

a b 



um with m 



G Mq(R) and 



with 9oo e Q(R), e x ,oo. If 
u e C/q(R), then 

&q{19) = SQ(um) = £Q(m(m _1 ura)) = £q(to) = [a^ll- 

Moreover 

Im 7Z = Im 75ooi = Im q^i = Im um i. 

A direct calculation shows that det Im u(mi) = det Im m i and that (Im 71(777^)2,2 
(Immi)2,2- On the other hand 

Imm i = 

hence we have 



xx 



det Im 7Z 



(ci-\-d)(ci+d) 

- Sq(19) 1/3 - 



(Im 7.^)2,2 

The lemma now follows from the fact that the natural injection 

Q(Z)\r z -Q(Q)\G(Q) 

is a bijection. This is a consequence of the identity Q(A) = Q(Q) Q(R) Qdlpfoo ^p)> 
which follows from Lemma 8.14 of [36]. □ 
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Set 

(4.6) E* S {Z) := n- 2s r( S )T( S - l)C(2s - 2)( K (s)E s (Z). 

In [32] Raghavan and Sengupta prove that E*(Z) can be analytically continued 
in s to the entire complex plane except for possible simple poles at s = 0, 1,2,3. 
Using Lemma 4.6 and Theorem 3.10 we conclude that E*(Z) has a simple pole at 
s = 3 and 

(4.7) res s=3 E* s (Z) = A C ( 3 ). 

Combining results of section 3 of [32] with a formula on page 200 in [loc. cit.] we 
get 

(F f , E* s _ k+3 F f ) = 4- 3s 7r- 3s+2fc - 6 r( s )r( s - k + 2)r(s - k + 3)x 

(4 ' 8) x ^JJC(«-*+j)j L(Synim 2 /,*)^i,0i>. 

Here we define L(Symm 2 /, s) for a normalized eigenform / = J2^Li o>{n)q n as an 
Euler product: 



L(Symm 2 /, s) = (1 - a(2) 2 2" s )" i (l - a(2) 2" 



(4.9) 



y-Y[[(l-a 2 pl p S ){1 - a Ptl a pa p s )(l-a 2 p2 p s )] 



p#2 

where the complex numbers a Pt \ and ot p ^ are the p-Satake parameters of / defined 
by the equation 

1 - a(p)x + (~^J P k ~ 2x2 = (1 - Q! P) ia;)(l - a Pt2 x). 

Combining formulas (4.7) and (4.8) we obtain: 

(4.10) (F f , Ff) = 2- 2fe - 3 r(fc) • n- k - 2 (fa, fa) L(Symm 2 /, k). 

Finally, to relate (fa, fa) to (/, /), in the next subsection we will prove the following 
lemma. 

Lemma 4.7. The following identity holds: 
(4.H) (fa, fa) = 2 (f,f) Ti{N) = 24 (f,f). 

Combining Lemma 4.7 with formula (4.10) we finally obtain: 
Theorem 4.8. The following identity holds: 

(4.12) (Ff, Ff) = 2- 2k + 2 ■ 3 • T(k) ■ tt^ 2 (/, /) L(Symm 2 /, k). 

4.3. Inner product formula for Jacobi forms. This section is devoted to prov- 
ing Lemma 4.7. 

Proof of Lemma 4- 7. Let fa and fa denote two Jacobi forms of weight k and index 
to. It is easy to show that 
(4-13) 



(V- 



,fa)— J v k (^j ipi(T, z,w)fa(r, z,w)e ' « ' dz dz\ dw dw^j du dv, 
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where T is the standard fundamental domain for the action of SL2(Z) on the 
complex upper half-plane and T T C {t} x C x C is a fundamental domain for the 
action of the matrices [—1 0] and [l A fi\ (A, \x G Ok) on C x C. After 
performing a change of variables on C x C (keeping r fixed) 

z' = z + w w' — z — w, 

and denoting by T' T the fundamental domain T T in the new variables, the integral 
over T T in (4.13) becomes 

1 f -„ l iLtal.Z^L l 2 

- / ipi(r,z ,w )ip 2 (T,z',w')v e « dz dz[ dw' dw 1 . 

Set -01 = V>2 =01, where <f>\ is the first Fourier- Jacobi coefficient of the CAP 
form Ff. Using formula (4.3) we can write: 

(4.14) (<^1> = ^EE / ft{r)lAT)v k - 4 I{t 1 t',r)dudv 
with 

I(t,t',T)= / ( E E e (^(a)T + az + aw)e(A(fe)T + 6z + &w)x 

(4.15) ^ aet+o K bet'+o A - 

x e - f ((Im (,')) 2 + (Rc (u /)) 2 )) ^ dw / ^ 

Changing variables again we get 

(4.16) I(t,t',r)= J2 E e{N{a)r-N{b)r)hh 

aet+o K bet'+o K 

with 

h = 4 / e(2a;'Re (a) - 2^Re (6)) e* (2xi) <fccj, d&i, 

where Sli is the parallelogram in C spanned by the two R-linearly independent 
complex numbers 1 and r, and x' = x' + ix\ G C, with x'^x\ G R. Before we 
define I 2 we note that I\ can be written as 

/■Im (t) / f 1 \ 

(4.17) /l=4 y e-v- 4{x 'i )2 (j e{2x'Re(a)-2^Re(b))dx' J dx[. 

Now the integral inside the parantheses in (4.17) equals e - 8jrRe (°) x 'i if Re (a) = 
Re (6) and otherwise. Hence 

1 ' ' 1 1 if Re (a) ^ Rc (6) 

The integral 

J 2 :=4 / e(-2y'lm(a) + 2Vlm(b))e-t<y'iUy' dy' 1 , 

where Q2 denotes the region in the complex plane spanned by the two R-linearly 
independent complex numbers 1 and — r and y' = y' + it/J G C with y' ,y[ G R, 
can be handled in a similar way. In fact one gets: 

, 4 lql T = f 4/ Q Im (T) e- 4 f W) 2 e 8rfm («) "'1 rfxi if Im (a) = Im (6) 

1 ' j 2 1 if Im (a) ^ Im (b) ' 
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Substituting (4.18) and (4.19) into (4.16) one sees that I{t,t',r) = if f 7^ f', and 
that after rearranging terms 

I(t,t,r) = 16 I ]T J\-^ Re ^ v+ ^ 2 dx[ 



,Re (a)eRo (t)+Z 



(4.20) 



E 

, Im (a)Glm (t)+Z 



= 16 / e-^( Ro ( 4 >+^ 2 do^ / e^( Im ( 4 )+^) 2 dy[ = 4v, 
Jr Jtl 

ience 

(4.21) (<h,<h) = [ J2^~f^) vk ~ 4 - Avdudv - 



where r = u + iv. Hence 



From this it follows that J2teA ft( T )ft{T~)v k 1 is "invariant" under SL 2 (Z). We 
want to relate (4.21) to 

(/,/) 



,/)':= / f(T)f(r)v k - 3 dudv. 

JT 1 (4)\U 



Denote by (ft, ft)' the integral / ri ( 4 )\ H ft(i~)ft(T)v k ~ 3 du dv. We will use cal- 
culations carried out in [24]. In particular one has /i/ 2 = fi/2 and /(,+i)/ 2 = 
/o|fe-i [ 2 lL bence we conclude that the quantities (ft, ft)' are well-defined, since 
/o|fc-ia = /o for all a e Ti(4). Moreover, we have 

(4.22) 

E (/*'/*)' = (/°' /°)' + (/(»+l)/2i /(i+l)/2) + 2 (A/2, A/2)' = 

= (Jo, /o)' + (/(i+l)/2U-l [2 l] J /(i+l)/2 lfc-1 [ 2 l]) + 2 (A/2, /1/2) = 

= 2(/ ,/o)' + 2(/ 1/2 ,/ 1/2 )'. 

We use formula (3.5') from [24], which is erroneously stated there, and should 
read 

fi/2(r) = - l -fo\ k -i[ 1 - 1 ] M-^/oU-it!^] (r), 

hence 

(A/2, A/2)' = 2 (/o>/o)' + 2 ((/o,/o|fe-i [21])'- (/o|fe-i [21] >/o)') = 2 (/oi/o)' 
as /o|fe-i [41] = /o- Thus we obtain 

£<A,A>' = 3(/o,/o)' = 3(/oU_i [ 4 - 1 ] ,/oU-i [ 4 = 3(0,0)'. 

Since <f> = f-f, and (/, /")' = 0, we get (0, 0)' = 2 (/, /)', so finally 

(</,1>l) = [SL 2 (Z):r 1 (4)] E (/t ' ft) ' = [SL 2 (Z): Pi (4)] (/ ' /} = 2 (/ ' /} ' ' 

□ 
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5. Hecke OPERATORS 

5.1. Elliptic Hecke algebra. The theory of Hecke operators acting on the space 
of elliptic modular forms is well-known, so we refer the reader to standard sources 
(e.g., [29], [7]) for definitions of most of the objects as well as their basic properties 
used in this subsection. 

Definition 5.1. Let k be a positive integer divisible by 4, and A a Z-algebra. 
Denote by T z the Z-subalgebra of Endc (Sk-i (4, (— ))) generated by the Hecke 
operators T„, n = 1, 2, . . . . We set 

(1) T\4 :=T z (g> z A; 

(2) to be the A-subalgebra of generated by the set 

^ • {-^p}p split in K U \Tp2 }p i ncr t in Ki 

(3) to be the A-subalgebra of End c (S k -i (4, ( — ))) generated by T A and 
the (A-lincar) operator TrT2 which multiplies any normalized eigenform 
S = £a(n)g n by a(2)+H(2). 

Suppose / = Y^=i a f{ n )l n e Sk-i (4, (— )) is a primitive normalized eigen- 
form. Recall that we denote the set of such forms by N. For T e Tc, set A/ j c(r) 
to denote the eigenvalue of T corresponding to /. It is a well-known fact that 
A/,c(7n) = a f( n ) for all / € N and that the set {af(n)} neZ>0 is contained in the 
ring of integers of a finite extension Lf of Q. Let £ be a finite extension of 
containing the fields L f for all / <E AT. Denote by O the valuation ring of E and by 
A a uniformizer of O. Then {a/(H)}/ e w>ez >0 C O. Moreover, one has 

(5.1) T E = J] E 

/eA/" 

and 

(5.2) T = Y[T 0m , 

m 

where To jm denotes the localization of Tq at m and the product runs over all 
maximal ideals of Tp. Every f £ Af gives rise to an O-algebra homomorphism 
To — > O assigning to T the eigenvalue of T corresponding to /. We denote this 
homomorphism by A/ and its reduction mod A by A/. If m = ker A/, we write m/ 
for m or if we want to emphasize the ring m lives in, we write rtVr ,/- The algebra 
T' z is studied in detail in section 8.1. 

5.2. Hermitian Hecke algebra. The theory of Hecke operators acting on the 
space Sk(Tz) has been discussed in [12] and [25]. We summarize it here to the 
degree we are going to need it. For the formulation of the theory which is valid for 
hermitian modular forms of level higher than one (as well as the non-holomorphic 
ones) see [22] . See also [23] for a theory of Hecke operators acting on the space of 
adclic hermitian modular forms. 

Set A := G+(Q) n Mi{0 K )- For a e A, the double coset space r z ar z decom- 
poses into a finite disjoint union of right cosets 

r z ar z = Y[r z a 1 

3 

with a,j e A. For F e S k {Y z ) set F| fe [r z ar z ] := £j F\ k a 3 . 
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Definition 5.2. The hermitian Hecke algebra (over C), denoted by is the 
subalgebra of Endc(Sfc(r z )) generated by the double cosets of the form TzaTz for 
a G A. We call F G Sfc(r z ) an eigenform if it is an eigenfunction for all T G Tjj;. 
We will denote the eigenvalue of T corresponding to F by Xf,c(T). 



For a rational prime p we define an operator 

■ 1 



(5.3) 



T p n := r z 



p 



if p is inert in K we additionally define 



and if p = nir splits or ramifies in K we define 

" l 



(5.4) 



T* := T 2 



r z . 



We now describe the action of the operators T p , T£ and Tj on the Fourier 
coefficients of hermitian modular forms. As before let S := {h G M 2 (K) \ h* = h}. 
To shorten our notation we define the following elements of GL 2 (if): 



a G Ok/pOk, P inert; 
p inert; 

a = 0, l,...,p— 1, p = 7T7f split; 
p = 7T7f split, 



(5.5) 





1 




a a = 






a 






P 




a p = 


1 


Pa = 


1 






a 


7T 


Pp = 


7T 


1 



and for a 2 x 2 matrix M, we set M = [ x 1 ] M [ x 1 ]. Moreover, if _B G S, we set 

f 

s(B) := < 



p ord p (det(B)) = 0; 

-p{p - 1) ord p (det(B)) > 0, ord p (e(B)) = 0; 
{p 2 ip-l) ord p (e(B)) > 0, 



where e(i?) is as in Definition 4.2. Finally, if p is inert we write P* for the disjoint 
union of Ok/pOk and p. 

Lemma 5.3. Let F G 5fc(r z ) with Fourier expansion 



and let T G Tjs,. TTien 



Bes 



TF(Z) = c TF (B)e 27Tltl{BZ \ 
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with 

(5.6) c T f(B) = 
'p 2k - A c F (p- 1 B)+c F { P B) +p fe - 3 E aeP i c F (p- l a* a Ba a ) 



T = Tr, p inert; 



„2fc-4 



c F (p- 1 B) + c F (pB)+p k - 3 j: P ab=0 c F (((3 a p b rBp a $ b ) T = T£, p split; 



„2fc-4 



T = T%, p split; 
Cffa^aJ) T = T 1 h p ,p inert. 



Proof. This follows easily from the right coset decomposition of each of the Hcckc 
operators. The decomposition of T p was computed by Krieg in [25], p. 677. The 
decomposition of T p for split p and that of was computed by the author in [23] , 
Lemmas 6.5, 6.8, but see also Lemmas 6.6 and 6.9 in loc. cit. Finally, one can show 
that T 1>p decomposes in the following way: 



= r 7 



(5.7) 



II 



i,7SO-ff/P 
/3GZ/p 2 



U ]J T * 

aeO K /p 
1 a /3+ory 7 
P P7 

— Cap p 



1 pa 

p 2 



-a 1 



u 



r z 



/3,0ez/ P z 

/30=O (mod p) 



P /3 

P - 

P 



u 



< n r * 

<5eO/c/p 
0ez/ P 

U 1 



/3G(Z/pZ) x 
7G(C K /pO K ) > 



1 8 4> 
P 

P 2 



p 7 

P 7 |7| 2 /3 _1 
P 

P 



□ 



This can be deduced from the calculations in [12]. 
Remark 5.4. Note that in Lemma 5.3, we have c F (B) — unless B e S. 

For any split or ramified prime p — tttt set £ p := {T^,T^,T p } and for any inert 
prime p, set £ p := {T p h , 7*,}. 

Proposition 5.5 (Gritsenko, [12]). TTie Hecke algebra Tji, is generated as a C- 
algebra by the set (J £ p . 

Proposition 5.6. TTie space Sk{^z) has a basis consisting of eigenforms. 

Proof. This is a standard argument, which uses the fact that Tji, is commutative 
and all T <G are self-adjoint. □ 

5.3. Integral structure of the hermitian Hecke algebra. For a split or ram- 
ified prime p — nW set 

£ p = {T£,ir k p 2 - k T^W k p 2 - k T±} 
and for an inert prime p set 

S P : = {Tp, Ti p}. 
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Definition 5.7. Set (rcsp. T^'^) to be the Z-subalgebra of generated by 
U p Ep (respectively by U P ^2 ^p)- For any Z-algebra A, set := T| ® z ^4 and 

T h,(2) ;= T h,(2) 0z ^ 

Note that T\ is a finite free Z-algebra. 

Lemma 5.8. Let £ > 2 be a rational prime, E a finite extension of Qe and O the 
valuation ring of E. Suppose that F(Z) = J^Bes c F (B)e 2mtr (BZ ~> e S k (T z ) with 
c F {B) e O for all B eS. Let T e T%. Then TF(Z) = J^Bes c TF {B)e 2mtT ( BZ ~> 
with Ctf(B) € O for every B G S. 

Proof. This follows directly from Lemma 5.3 and the assumption that £ be odd. 
(The latter implies that the operators T 2 h and (i + l) k 2 2 ~ k Tf +1 preserve the O- 
integrality of the Fourier coefficients of F.) □ 

From now on Af h will denote a fixed basis of eigenforms of Sk(Tz). 

Theorem 5.9. Let F E J\f h . There exists a number field Lp with ring of integers 
Lf such that X F ,c(T) eO Lf for all T € . 

Proof. This is similar to the Eichler-Shimura isomorphism in the case of elliptic 
modular forms. □ 

Let £ be a rational prime and E a finite extension of containing the fields 
Lp from Theorem 5.9 for all F E J\f h . Denote by O the valuation ring of E and 
by A a uniformizer of O. As in the case of elliptic modular forms, F e 7V h gives 
rise to an O-algebra homomorphism Tq — > O assigning to T the eigenvalue of T 
corresponding to the eigenform F. We denote this homomorphism by \ F and its 
mod A reduction by \p. Theorem 5.9 implies that we have 

ti= n e - 

FcN h 

Moreover, as in the elliptic modular case, we have 
(5-8) T h = l[T h . m , 

m 

where the product runs over the maximal ideals of Tq and Tq denotes the 
localization of T^ at m. A similar description holds for T^ 2 \ As before, if 
m = ker Xp, we write txif for m or if we want to emphasize what ring m lives in, we 
write m T h F or m rr h,<2) accordingly. 

5.4. Action on the Maass space. 

Theorem 5.10 (Gritsenko, [12], section 2). The action of the Heche algebra 
respects the decomposition of Sk(Tz) into the Maass space and its orthogonal com- 
plement. 

Theorem 5.11 (Gritsenko, [12], section 3). There exists a C-algebra map 

Desc : t£. -» T^ } 
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such that for every T e Tq the diagram 



cMaassfp„\ 



^ 5 Maa SS(rz) 



S fe _r (4,(^))^Vi(4,(^)) 
commutes. In particular one has 

Desc(T p h ) = p*- 1 + p fe ~ 2 + p* -3 + T P 2 for all p ^ 2, 
Desc(T 1 h p ) = p fc - 4 (l + p 2 )T p 2 + p 2k - s (p 3 +p 2 + p- 1) if p is inert in K, 
(5.9) Dcsc(T^) =/- 2 7r- fe (l +p)T p if p = TTTf is split in if, 
Desc(T 1 h +i ) = 3 • 2 k - 4 (l + i)- k Ti T 2 
Desc(T 2 h ) = 2 fe - 4 (l + i)- k ({Tr T 2 ) 2 - 2 k ~ 1 ). 
Here T n is as in section 5.1, and TrT 2 denotes the operator from Definition 5.1. 
Corollary 5.12. If f e Sfc-i (4, ( — )) is an eigenform, then so is Ff. 

Remark 5.13. Let / € TV, / ^ f. We will always assume that either Ff or Ff P 
belongs to W h . Hence we can write W h = W M UW NM , where W M consists of Maass 
lifts Ff with / £ AT and J\f NM consists of eigenforms orthogonal to those in Af M . 

5.5. Lifting Hecke operators to the Maass space. Let E and O be as before. 
We will now prove a result regarding the map Desc, which will be used in section 
7.3. Let Tz and T z be as in Definition 5.1. It is clear from Theorem 5.11 and 
the definition of T^'^ that Dcsc(T^' < - 2 ^) = T A for any O-algcbra A. Moreover, we 
have the following diagram 



(5.10) 



A(2) 



Desc 



->t;. 



o 



n T h ' (2) 

llm< 2 ) i o, m (!) 



Ilm' T 0,m' 



with the lower horizontal arrow defined so that the diagram commutes. It is clear 
that Desc respects the direct product decomposition in diagram (5.10). In partic- 



ular, for / £ AT, Desc : T 



h,(2) 

o 



T' factors through T 



h,(2) 
0,m ( s 



T' .. Let T 



be the image of T^j in End c (<Sf (r z )). The horizontal arrows in diagram (5.10) 
factor through T\ 

(5.11) 



Ilm M m M an< ^ ^ e following diagram 



-.h,(2) 

O 



_> rpM 

-> ±Q 



-tT, 



o 



llm< 2 ) L , 



e>.m< 2 ) 



^n m T 



M 



Ilm' T 0,m' 



commutes. All the horizontal arrows in diagram (5.11) are surjections and the 
lower ones are induced from the upper ones, which respect the direct product 
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decompositions. In particular we have 



-» T', 



0,m' f - 



Let Mp f := {F G Af M 
following proposition. 



m 



M 



mp}. The goal of this section is to prove the 



Proposition 5.14. If f G AT, f ^ f p is ordinary ati, audi \ (k- l)(fc-2)(fc-3), 
then for every split prime p — nn, p \ I, there exists T M (p) G T 



iM 



such that 



Desc(T M (p)) G T' m ^ equals the image of T p G T' a under the canonical projection 
T' a -» T' 0tm y 

As will be discussed in section 9.1, to every eigenform F G Sk(Tz) one can 
attach a 4-dimensional ^-adic Galois representation pp. Moreover, if F = F g , for 
some g G AT, then the Galois representation has a special form 



(5.12) 



Pale* 



(Ps® e )l< 



where p g is the Galois representation attached to g (cf. section 2.3) and e is the 

£-adic cyclotomic character. Let / be as in Proposition 5.14. Set R' := J\ Fe j^M ® 

F j 

and let R be the O-subalgebra of R' generated by the tuples (Xf(T)) F€J ^m for all 

F f 

T G Tq. Note that the expression Xp (T) makes sense since S^f(Tz) is Hecke stable. 
Then R is a complete Noetherian local O-algebra with residue field F = O/X. It is 
a standard argument to show that R = M . 

Proof of Proposition 5.14- Let It, denote the inertia group at I. For every g G Af, 
ordinary at £, we have by (5.12) and Theorem 3.26 (2) in [16] that 

c k-2 „ 



PF g \h 



Js-1 



If £ \ (k — l)(k — 2)(k — 3) it is easy to see that there exists o € It such that the 
elements /3i := e k ~ 2 {u), 02 '■= 1, 03 '■= e k ~ 1 (a), [3^ := e(a) are all distinct mod A. 
For every g as above, we choose a basis of the space of p g so that p g is O-valued 
and pF g (o~) = diag(/3i,/?2,/33,/?4). Let S be the set consisting of the places of K 
lying over I and the place (i+ 1). Note that we can treat pF g as a representation 
of Gk,s , the Galois group of the maximal Galois extension of K unramified away 
from S. Moreover, tr pp g (Gk,s) C R, since Gk,s is generated by conjugates of 
Frobp, p ^ S and for such a p, tr pF g (Frob p ) G R by Theorem 9.2 (i) and the fact 
that the coefficients of the characteristic polynomial of pp g (Frobp) belong to T^,. 
Set 



ft - Pi 



and e := e\ + e 2 . Let 



P ■= 



= n pf 9 -gk, s ^ n gl4 (°)- 
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We extend p to an i?-algebra map p' : R[Gk,s] — > M^(R'). Note that 
p'(FroWe)= J] PF g (FroK)p' Fg (e) = J] p 9 (FroK) 

and thus 

trp'(Prob w e) = {a g {p)) F eN M e R, 
where g = Y,n=i a g (n)q n . Define T M (p) to be the image of tr //(Frot^ e) under the 

nM 

-0,m\ 



nM (p) to be the in 

0-algcbra isomorphism R ^> T^ 1 M • □ 



Corollary 5.15. If f e TV, / ^ f p is ordinary at I, and £ \ (k - l)(k - 2)(k - 3), 
then for every split prime p = nW, p \ £ , there exists T h (p) G T^^ (2) such that 

Desc(T h (p)) e T' Qm , equals the image of T p € T'q under the canonical projection 
T' Q -» T' m y 

6. The standard L-function of a Maass lift 

Let Ff be the Maass lift of / e TV. The goal of this section is to study the 
numerator of the coefficient C Ff in formula (1.2). To do so we need to find a 
candidate for the cusp form 5 in (1.2). This will be done in subsection 7.3 (formula 
(7.14)). In this section we define an Eisenstein series E[Z, s,m,T h ) and a theta 
series 9 X such that their product is closely related to S. We then express the inner 
product {Ff, E(Z, s, m, r h )# x ) by an L-function associated to /. 

We begin by defining the appropriate theta series which will be used in the inner 
product. Let f be an ideal of Ok and x a Hecke character of K with conductor f. 
We assume that the infinity component of \ nas the form 

/ \ \%co I 

Xoot^ooj — , 

for some integer — k < t < —6. Following [36] we fix a Hecke character <ft of K such 
that 

(f>oo(yoo) = and (f>\ A x = 

Hoc 

Such a character always exists, but is not unique (cf. [37], lemma A. 5.1). Put 
ip' = x~ 1( j>~ 2 - Let I = t + k + 2 and p = I — 2. Let r € S be such that the Fourier 
coefficient CF f (r) is non-zero. Let b € Q be such that g* r g € bZ for all g e O k , 
and let d e Z be such that g* r _1 g e (c') _1 Z for all g e O k . Let c € Z be such 
that be generates the Z-fractional ideal (4c')N k /q(^) D (6)f. Note that when 6=1, 
(c) = (4c'AT K/Q (f)). 

Define a Schwartz function A : M2(Ak,{) — > C by setting A(x) = %f(deta;) if 
x e Ilpfoo ^(Os'.p) and A(x) = otherwise. Then the theta series of our interest 
is defined by: 

6 X (Z) = Y, A(0(d^)"e(tr(rr£Z)). 
(,eM 2 (K) 

We have 9 X G A4;(rQ(6, c),ip') by [36], appendix, Proposition 7.16 and [37], page 
278. In fact, since p ^ 0, 9 X is cusp form ([36], appendix, page 277). In this section 
we will denote by T\ a congruence subgroup of Tz such that 8 X G Mi(Ti) and 
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T\ n K x = {1}. We set T h := n Gi(Q). Note that we have F f e M k (T h ). We 
also define an Eisenstein series of weight m = k — I and level T h by putting: 

E(Z,s,m,T h )= ^ (dctImZ) s -^| m7 . 
7 er h nP(Q)\r h 

The Petersson inner product of Ff against E(-, s, m, T h ) X has the form 
(F f ,E(-,s,m,T h )9 x )) rh = [ F f (Z) E(Z, s, m, T h ) x (Z)(det Im Z) k ~ 4 dXdY. 

Note that we use a volume form, which is 4 times the volume form used in [37] . By 
combining formulas (22.9), (22.18b) and (20.19) from [37] we arrive at the following: 

(6.1) 

(F f ,E(.,s,m,T h ) <y) rh = 64[T h (c) : rt( C )]&- 4 r(( S - 2))(detr)- 5 -^ + ' )+2 x 

CF f {T)L st (F f ,s + l,x) 

X B(s) L c (2s, XQ ) L c (2s - 1, Xq (^)) ' 

The meaning of the various factors in the product is explained below. We start 
with the L-hmction 

L s t{F f ,s,x) = Y[L st (F f ,s,x)p- 

p{cx> 

This is the standard L-function of Ff twisted by the Hecke character \ : 
(6.2) 

'n -=i{(i - N{ P )%]x*{p)N{p)- s )(i N(py\ MX *mN(P)- s )} 

n -=i{(l - N(tf\^x*(p)N(p)-°)(l - N(p)\ pdX *(p)N(p)-°)}-\ 

for (p) — pp and (p) — p e , respectively. Here A Pj j denote the p-Satake parameters 
of Ff. (For the definition of p-Satake parameters when p incrts or ramifies in K, 
see [18], and for the case when p splits in K, see [13].) The L-function in the 
denominator of (6.1) is the Dirichlct L-function with Euler factors at all p | c 
removed (cf. Definition 7.2). Furthermore, 

T((a)) - (4^)- 2 - fe -'+i r (s + \ (k + /)) r ( s + \ (k + I) - 1 

and B(s) = f\ veh g p {x* {pO k)p~ 2s ) , where b denotes the set of primes at which 
b~ 1 r is not regular in the sense of ([37], 16.1) and g p is a polynomial with coefficients 
in Z and constant term 1. 

For a prime p of Ok of residue characteristic p, with p odd, set a v j := cXpj, 
where a p j, j = 1,2 denote the p-Satake parameters of / (cf. section 4.2), and d 
is the degree over F p of the field Ok/P- For the prime p = (i + 1) of Ok, set 
a Pi i := a(2) and a Pj 2 := a(2). 

Definition 6.1. For a Hecke character ip of K, set 

2 

L(BC(/),*,V0 == LI IT( 1 - r(p)« Plj (iVp)- s ). 

pfoo j=l 

Remark 6.2. If 717 denotes the automorphic representation of GL 2 (A) associated 
with /, then L(BC(/), s, tp) is the classical analogue of the L-function attached to 
the base change of nf to K twisted by ip. 



L s %{F f ,s,x)p 
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Remark 6.3. Let be the modular form associated with the character ip (cf. 
[20], section 12.3) and suppose that ip 00 (x 00 ) = f if^) • Then 



L(BC(/), a, V) = (1 - r(pH2)2- s )- 1 D( S + u/2, g^), 

where D(s,-,-) denotes the convolution L-function defined in [15], where it is de- 
noted by L(Xf P <g> A s</ ,, s). Here p denotes the prime of Ok lying over (2). 

Proposition 6.4. Let \ be as before. The following identity holds 

(6.3) L st (F f , s, X ) = £(BC(/), a - 2 + k/2, u X )L(BC{f), s - 3 + fc/2, 

//ere cj is ffte unique Hecke character of K unramified at all finite places with 

infinity type u^z) = (§) k/2 . 

Proof. This is a straightforward calculation on the Satake parameters of / and of 
Ff- □ 

7. Congruence 

In this section we define a hermitian modular form S as in (1.2) and formulate 
the main congruence result (Theorem 7.12). The form S will be constructed (in 
section 7.3) as a combination of a certain Eisenstein series and a theta series, whose 
arithmetic properties are studied below. 

7.1. Fourier coefficients of Eisenstein series. We keep the notation from sec- 
tion 6 and assume 6=1. Consider the set X m , c of Hecke characters \' °f K, such 
that 

(7-1) xUxoo) = t-^-, 



(7.2) x' p ( x p) = 1 if P /°o, x p e Kp anda; p - 1 E cO K , P - 

Here m — k — I = — t — 2>0 (since t < —6) denotes the weight of the Eisenstein 
series E(Z, s, to, T h ) defined in section 6. For g E G(A), let E(g, s, c, m, x') denote 
the Siegel Eisenstein series defined in section 3.2. We put, as before, 

E(Z, s, to, x, c) = j{g 00 ,i) m E{g, s, c, to, X '), 

where Z = g^i and g — (1700,1). Recall that in section 6 we made use of a 
congruence subgroup I* of G(Q) such that 9 X E Mi(T\) and T\ n K x = {1}. 
In this section we fix a particular choice of T^, namely, we set T\ := r^(c). Note 
that as long as c \ 2, we have T\{c) fl K x = {1} and since (cond^"') | c, where ip' 
is the character of 6 X , we have 9 X E Mi(T\(c)). The following lemma provides a 
connection between E(Z, s, to, c) and -E(Z, s, to, T\(c)). Here £J(Z, s, to, r^(c)) is 
defined in the same way as E(Z, s,TO,T h ) in section 6. Recall that T h := r^nGi(Q). 

Lemma 7.1. TTie se£ X„ l c is non-empty and 

(#X mtC )E{Z,s,m,T\{c))= J2 E(Z,s,m, X ',c). 

Proof. This is identical to the proof of Lemma 17.2 in [37]. Note that T^(c) D 

r h ( c ). □ 
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Definition 7.2. Let M be a non-zero integer. For a Hecke character ip : Q x \ A x — » 
C x we set 

L M (s,i,) :=L(s,iP) JJ(1-V*(P)P-), 

p|M 

where L(s,ip) denotes the Dirichlet L- function. 

Recall that for any Hecke character -0 : K x \ — > C x we denote by its 
restriction to A x . Moreover, if ip satisfies (7.1) and (7.2) for c e Z, set i[) c (x) — 
tp(x). Let 

(7.3) D(Z, s, m, X ', c) - L c (2s, y^)L c - 1, X q (— ) ) a, m, x', c). 

It has been shown in [37] (Theorem 17.12(iii)) that D(Z, s, m, \' , c) is holomorphic 
in the variable Z for s = 2 — ^ as long as m > 2. In our case m = — t — 2 > 4 as 
t < —6. It follows from formula (18.6.2) in [36] that 

(7.4) D(Z, a, m, X \ c)| ro7 = ( X ' c )(det d-,)D{Z, s, m, X ', c) = 



7 



((x') c )r 1 (deta 7 )D(Z ) s,m,x , ,c). 



Instead of looking at D(Z,s,m,x' , c) we will study the Fourier expansion of a 
transform D*(Z, s, m, x' , c) defined by 

(7.5) D*(Z, a, m, x ', c) - D(Z, s, m, X ', c)| m J, 

First note that since D is holomorphic at s = 2 — ^, so is D*. Write 

D*(Z,2-m/2,m,x J ,c) = ^c$ e(tr hZ) 

has 

for the Fourier expansion of £>*. Here 5" := {/i e M 2 (K) \ h* = h}. 
Lemma 7.3. 

(7.6) c^r^^+Wx 

l-rank(h) / /-4V _1 \ 

x J] L c {2-m-j, X '( — \ )l[f h ,Y^, P (x'(p)p m -% 

where f h yi/2 p is a polynomial with coefficients in Z and constant term 1, and c is 
a certain finite set of primes. If n < 1 we set Ilj=o = 1- 

Proof. The lemma follows from Propositions 18.14 and 19.2 in [36], combined with 
Lemma 18.7 of [36] and formulas (4.34K) and (4.35K) in [35]. It is a straightforward 
calculation. □ 

Proposition 7.4. Fix a prime £ \ 2c, and assume that —k < t < —6. Set 
Xq.c '■— Y[ p \ c XQ,p- Let E' be a finite extension of Qe containing K(xq,c), the 
finite extension of K generated by the values of X q, c . Denote by O' the valuation 
ring of E' . For every h <E S, we have 7r~ 3 c^ Q e O' . 

Proof. The proposition follows from Lemma 7.3 upon noting that for every Dirichlet 
character ip of conductor dividing c and every n G Z<o, one has L(n,tp) € l Ze[ l P] 
(by a simple argument using [44], Corollary 5.13) and (1 — Tp{p)p~ n ) € Z^] for 
every p\c. □ 
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Let 9 X be as above. Set 6>* := 9 x \iJ. 

Corollary 7.5. Fix a prime i \ 2c, and assume that —k < t < —6. Let E' be a 

finite extension ofQe containing K(xq, c , Mc); where fi c denotes the set of c-th roots 
ofl. Denote by O' the valuation ring of E' . Then the Fourier coefficients of 

n- 3 D*(Z, 2 - m/2, to, (V>') c , c) 0* x (Z) 

all lie in O' . 

Proof. Note that it follows from the definition of 9 X and Theorem 2.2 that the 
Fourier coefficients of 9 X (Z) lie in O. Thus the Corollary is a consequence of 
Proposition 7.4. □ 

7.2. Some formulae. We keep notation from the previous section. Note that since 
9 X € Mi(c,ip'), we have D{Z,2 - m/2,m,(^') c ,c) 9 X (Z) e M k {c) by (7.4). For 
f e M we can write 
(7.7) 

(£>(■, 2 - to/2, to, (V>') c , c) v , F f ) rh , > 
D(Z, 2 to/2, to, OT, c) * X (Z) = ' 7/ *' " r ° (e) Ff + F' , 

where F' e Mk(c) and (Ff,F') = 0. Our goal now is to express 

(D(;2-m/2,m,U>'y,c) e x ,F f )^ {c) 

in terms of L-functions of /. In section 6 we already carried out this task for the in- 
ner product (Ff,E{-,s,m, T h ) x ) rh with T h = r^(c)nGi(Q), so we will now relate 
the two inner products to each other. We first relate (D(-, 2 — m/2, to, (tp') c , c) 9 x ,Ff) T 

to (F f ,E(.,s,m,T\(c))6 x ) rhi{cy 
We have 

(7.8) (E(;8,m,r*(c))0 x ,F f ) rhAc) = 

[ E(Z, s, to, rj(c)) 6> X (Z) F/(Z) (det Y) k ~ 4 dX dY = 

M(c)\H 

= f d x( Z )\ E ^(deta 7 )£?(Z,s,m ) rJ(c))| rn 7| FtfZ)dXdY. 
J ^ n \7€rf(c)\rg(c) / 

Using Lemma 7.1 (note that (V>') c *= ^m,c) we get 

(7.9) ^ ^(deta 7 )£(Z, s ,TO,rh(c))| m7 = 
7erh(c)\rS( c ) 

= (#-Xm,c) _1 2 2 V'c(deta 7 ) J B(Z,s,TO,x / ,c)| ro7 = 
x'€X 7e rf( c )\r*( c ) 

= (#X m , c )- 1 ^ £7(Z,«,m,x , ) c) 2 (^ , ((x') c )" 1 )c(deta 7 ) = 
x'ex 7er h (c)xr h (c) 

= (#X m , c )- 1 [rJ}( C ) : rf (c)]£7(Z, a, to, (V') c , c), 

where the last equality follows from the orthogonality relation for characters upon 
noting that both ip' and \' ar c trivial on T\{c). Thus (7.3), (7.8) and (7.9) imply 
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c) 



that 

(7.10) {D(;8,m,W) c ,c)0 x ,F f ) r * (c) = [T h Q (c) : T^c)}- 1 #X m , c ■ L c (2s, V Q )x 

x L c (2a-l,1/ Q ( — (E{;a,m,I^(c))e x ,F f ) ri(i 
Moreover, by [37], formula (17.5) and Remark 17.12(2), we have 

E(Z,s,m,T h 1 (c))= ^ Yl E(Z,s,m,T h )\ m a. 

Hence we get 

(7.11) (D(;s,m,W) c ,c)6 x ,F f ) Ti(c) = \T*(c) : T^ 1 #X m , c ■ L c (2s,^' Q )x 



x L c \2s- 1,$, ^— j) (S(-,s,m,r h )e x ,J» rh 

Using (6.1) we obtain 
(7.12) 

(£>(-, a, m, (V') c , c)0 x , F f ) r&(c) - 16#X m , c -B(s)- 1 L c (2s, ^q) £ c - 1, Vq 

CF / (r)L s t( J F 1 /,s + l,x) 



x 7r(detr)- s ((4tt)- 2s ') T(s') T{s' - 1) 



L c (2s, XQ )L c (23-l, XQ (=4)) 
where s' := s + fc — 1 + i/2, and finally 
(7.13) 

(£>(■, 2 - m/2, m, fy) c , c)0 x , ^/) r h (c) = ii7r- 2 *- 2fe - 3 r(i + fc + 2)r(t + fc + l)x 

x L st (F,3-m/2, X ), 
where i? := #X m , c • 2- 4 ( t + fe + 1 ) Cj . / (r)B(2 - m/2)" 1 (det r)-*- fe - 2 . 

7.3. Main congruence result. We will now prove the first main result of this 
paper. We will show that A™-divisibility of the algebraic part of L(Symm 2 /, fc) 
implies the existence of a non-Maass cusp form congruent to Ff modulo A™. We 
keep notation from previous sections. 

7.3.1. Algebraicity of Cf s - Let £ \ 2c be a rational prime, and let E be a finite 
extension of with valuation ring O. We will always assume that E is "sufficiently 
large" in the sense that it contains some algebraic numbers/number fields, which 
will be specified later. In particular, we assume that E contains the field E' of 
Corollary 7.5. Fix a uniformizcr A £ O. We denote the A-adic valuation by ord\. 
To shorten notation in this section we set D(Z) := D(Z, 2 — m/2, m, (tp') c , c), and 
D*(Z) = D*(Z,2 - m/2, m, (?/>') c , c )- Applying the operator \ k J to both sides of 
(7.7), we get 



where G' := F'\ k J and we have (Ff,G') = 0. By Corollary 7.5, the Fourier 
coefficients of 7r~ 3 Z)*#* lie in O. Define a trace operator 



tr : MuiJ-^ic) J) -> Mk(T z ) 
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by 

F'~ ]T F'\ kl 
7eJ- 1 rS(c)./\r z 

and set 

-3^- v .m*fl*^ — rr_ . Hv„m_-3 {F)6 x ,Ff) 

(Ff,F f ) 

where G" = 7r~ 3 tr G' e Mk(Tz) and we have (Ff,G") = 0. By the (^-expansion 
principle (Theorem 2.2), the Fourier coefficients of S lie in O. Set 



(7.14) 3 := 7r- 3 tr (D*0* x ) = [T z : r^Tr" 3 ^^ F f + G", 



C F/ .- [l z .l (c)j7r -Jp^pry- 



By Proposition 4.5, the Fourier coefficients of Ff lie in the ring of integers 
of Q £ and generate a finite extension of Q^. We assume E contains all the Fourier 
coefficients of Ff. The numerator and denominator of ^p*'p^ were studied in 
sections 7.2 and 4.2 respectively. 

Lemma 7.6. 

(D0 x ,F f ) £ alg (BC(J), 1 + ^,^uJ)L al s(BC(/), 2 + *±*, gj7) 

(Ff,Ff) [ *' a L al s(Symm 2 /, fc) 

w/iere 

a := #X ro , c • 5(2 - m/2)- 1 (dct t)-^- 2 ; tt 3 ^(7) , 

r(t + fc + j)i(BC(/),j + ^,x^) 



L alg (BC(/),i + (i + fc)/2,xaJ) := 



TT t+k+2j {f,f) 



L-(w/,n) == r(n)L n ( !rr^ ,n) 

/or any integer n, and (*) e Qfl £7 is a X-adic unit. 

Proof. This is a straightforward calculation using (7.13), Proposition 6.4 and The- 
orem 4.8. □ 

It follows from Remark 6.3 and from Theorem 1 on page 325 in [15] that 

(7.15) L al s(BC(/),l + (t + £0/2,x^)eQ 
and 

(7.16) L*(BC(/),2 + (Hfc)/2,xSJ)eQ 
and from a result of Sturm [39] that 

(7.17) i alg (Symm 2 /, k) e Q. 

We note here that [39] uses a definition of the Petersson norm of / which differs 
from ours by a factor of — , the volume of the fundamental domain for the action of 
SL2(Z) on the complex upper half-plane. We assume that E contains values (7.15), 
(7.16), and (7.17). 

Corollary 7.7. C Ff eQnE. 
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As we are ultimately interested in (mod A) congruences between hermitian mod- 
ular forms, we will use "integral periods" £l~j, flj instead of (/, /) (cf. section 8.3). 
It follows from Proposition 8.15 in section 8.3 that we have: 

(/,/> = (*) 

where r\ <G Z^ is defined in section 8.3 and (*) is a A-adic unit as long as / is ordinary 
at £ and £ > k, which we assume in what follows. We also assume that E contains 
n and that £ \ #X mjC . 

Corollary 7.8. 

(7.18) 

r MTT-TTT-i ^ int (BC(J), 2 + (t + k)/2, ^)£ int (BC(/), 1 + {t + fc)/2jg) 
where 

rtotmnm „■ , u , m/o r(t + fc + . ? XBC(/),j + (i + fc)/2,xSJ) 



L mt (BC(/),j + (i + fc)/2,%cZJ) := 



and (*) e -E wifft ord;y((*)) < 0. 

Proof. This follows directly from Lemma 7.6 upon noting that ord^(i?(2 — m/2)) > 
and ord A (detr) > 0. □ 



We are now going to show that we can choose r to make CF f (r) in (7.18) a A-adic 
unit. Since we have derived our formulas with the assumption 6=1, where b is 
defined in section 6, we need to choose r appropriately so this assumption remains 
valid. If r is ^-ordinary in the sense of the following definition, then we can take 
6 = 1. 

Definition 7.9. For a rational prime £, we will say that r £ S is £-ordinary if the 
following two conditions are simultaneously satisfied: 

• {9*-rg} g eol = Z 

• there exists d € Z with (c',£) = 1 such that {g*r~ 1 g} g e0 2 K C (c') _1 Z. 

Lemma 7.10. If f e M is such that the Galois representation ~pf\G K * s absolutely 
irreducible, then there exists an £-ordinary r e S such that ov6.\{cf s {t)) = 0. 

Proof. Write the Fourier expansion of / as / = Y^Li b(n)q n . Since Ff is a Maass 
form, we have CF f (j) — X)dez >0 d\e(r) " _1 c^ (4detr/<i 2 ), where c* Ff and e(-) were 
defined in Definition 4.2. Note that r = [™ i] is ^-ordinary (with c' = n) for any 
positive integer n with (n, £) = 1. Using Proposition 4.5 and Fact 2.1 we get 



c F/ ([S]) = -2i(6(2) 2 -6(2) ) 

and 



-2, 



c Ff (r i }) = 2 l b(p)(b(2f + b(2)-) 

if p ^ £ is inert in if. As will be shown in Proposition 8.13, absolute irreducibil- 
ity of Pf\o K implies that there exists an inert prime po, distinct from i, such 

that b(po) is a A-adic unit. Suppose now that both ord\ 

(c F/ (I 1 i])) > and 
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ordA (cf s ([ Po i])^ > 0. Then wc must have ordA(6(2)) > 0, which is impossible as 
t is odd and |6(2)| = Z^-^' 2 (cf. [20], formula (6.90)). □ 

Definition 7.11. For / E TV such that the Galois representation Pf\c K is abso- 
lutely irreducible, let Sfj denote the set of positive integer n with (n, £) = 1 such 

that ordA (cp f ([" = 0. By the proof of Lemma 7.10 the set Sf.n is non-empty 

7.3.2. Congruence between Ff and a non-Maass form. Our goal is to prove that 
Ff is congruent to a non-Maass form. Note that if Cf s = a\~ n , with a E O x 
and n > 0, then Ff is congruent to — a~ 1 X n G" mod A™. However, G" need not a 
priori be orthogonal to the Maass space. We overcome this obstacle by introducing 
a certain Hcckc operator T h which will kill the "Maass part" of G" . For g E M and 
F E 7V h , the set 

£ '■— {^ g ,c(T) \ g e Af,T e T z } U {Xf,c(T) \ F E Af h , T E T|} 

is contained in the ring of integers of a finite extension of Q (cf. section 5.1 and 
Theorem 5.9). We assume that E contains S. From now on assume that the Galois 
representation /5/|gk is absolutely irreducible. Without loss of generality we also 
assume that F f E Af h (cf. Remark 5.13). For any F E W h , let m F C be the 
maximal ideal corresponding to F. It follows from (5.8) that there exists T h E T 1 ^ 
such that T h Ff = F f and T h F = for all F E Af h such that m F ^ m Ff - We apply 
T h to both sides of 

E = C Ff F f + G". 

As the Fourier coefficients of Ff and 5 lie in O, so do the Fourier coefficients of 
T h S by Lemma 5.8. Moreover, since 9 X is a cusp form, so are S and T h S. Let 
S^ Ff C Sk(Tz) denote the subspace spanned by 

Af F f :={Fe^\mP=m%}, 

where m£P and xtipj are the maximal ideals of T^ 2 ^ corresponding to F and Ff, 
respectively (cf. section 5.5). Then T h E,T h F f = F f ,T h G" E S^ ] Ff . The image 
of Tq' (2) inside End c (4S ) 

can be naturally identified with T h '^ (2) . By the 

commutativity of diagram (5.10) and the discussion following the diagram, the CP- 
algebra map Desc : T^ 2 ^ -» T' factors through T h '^ (2) -» T' m , . The algebra 

O t m Ff • / 

T' can be identified with the image of T inside Endc(£/c-i,/)i where Sk-ij C 

Sh-i (4, (— )) is the subspace spanned by Kf'f := {g E N \ m'j — m' g }. Here 
and trig denote the maximal ideals of T' a corresponding to / and g, respectively. 
Denote by 0/ the natural projection T' -» T' m ^ , and by <f> / the natural projection 

T^ (2) -» T h ' (2) (2) . Assume I > k, hence in particular t \ (k - l)(fc - 2)(fc - 3). By 
Corollary 5.15, for every split prime p = tttt, p \ £, there exists T h (p) E T h '^ (2) 

0,m Ff 

such that Desc(T h (p)) = (j>f(T p ) E T' m , . As will be proven in section 8 (cf. 
Proposition 8.14) there exists a Hecke operator T E T' m , such that Tf = rjf, 
TfP = v fP, and Tg = for all g E Af' f , g ^ f, f p . The operator T is a polynomial 
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Pt in the elements of </>/(£') with coefficients in O (here £' is as in Definition 5.1). 

Let T h e T h ^ 2 \ 2) be the Hecke operator given by the polynomial Pf h obtained 

,m Ff 

from Pt by substituting 

• $/(T p h - V k - X - p k - 2 - p k - 3 ) for (j)f{T p i) if p inert in X, 

• T h (p) for </-/(T p ) if p \ £ splits in if, 

• ^ f (X k £ 2 - k (£ + l) _1 T£ o ) for 4>{T t ) ifl = A A splits in K. 

Note that X k .£ 2 - k (£ + l)" 1 ^ is indeed an element of T h f21 as £ + 1 is invertible 

v ; Ao C»,m ( „ 2) 

in O. It follows from (5.9) that Desc(T h ) = T. Apply f h to both sides of 

T h S = C Ff F f +T h G". 

Note that T h T h S is again a cusp form. The operator T h preserves the Maass space 
and its orthogonal complement by Theorem 5.10. Another application of Lemma 
5.8 shows that the Fourier coefficients of T h T h S lie in O. Moreover, since Desc is a 
C-algebra map, it is clear from the definition of T h that T h Ff = r/Ff and T h F = 
for any F inside the Maass space of Sk(Tz) which is orthogonal to Ff. We thus get 

(7.19) f h T h E = r)C Ff F f + f h T h G" 

with f h T h G" orthogonal to the Maass space. 

As Cf } € Q n E C C by Corollary 7.7, it makes sense to talk about its A- 
adic valuation. Suppose ovA\{ri CF f ) = —n € Z<o. We write F = F' (mod A") 
to mean that ord\(cF(h) — CF'(h)) > n for every h € S. Note that since the 
Fourier coefficients of T h T h E and of Ff lie in O, but i] Cf s & O, we must have 
that either f h T h G" ^ or F f = mod A. However, by Proposition 4.5, the latter 
is only possible if / = f p mod A and this contradicts absolute irreducibility of 
Pf\o K by Proposition 8.13 in section 8.2. Hence we must have T h T h G" ^ 0. Write 
r]C Ff = a\~ n with a e O x . Then the Fourier coefficients of \ n f h T h G" lie in O 
and one has 

Ff = -a-^f^G" (mod A"). 

As explained above, —a~ 1 \ n f h T h G" is a hcrmitian modular form orthogonal to 
the Maass space. 

We have proven the following theorem: 

Theorem 7.12. Let k a positive integer divisible by 4 and £ > k a rational prime. 
Let f € Af be ordinary at £ and such that ~f>f\G K * s absolutely irreducible. Fix a 
positive integer m <G Sf^ and a Hecke character x of K such that ord£(condx) = 0, 
Xoc(z) = (|f|) * with -k <t < -6, and £ \ #X_ t _ 2AmNK/Q(condx) . Let E be a 
sufficiently large finite extension of Qe with uniformizer A. If 

-n := ord A ^JJ i int (BC(/), j + (t + fc)/2,xo;)j - ord A (i int (Symm 2 /, k)) < 

where u is the unique Hecke character of K which is unramified at all finite places 
and such that uJqc(z) = > then there exists F' e <Sfe(rz), orthogonal to the 

Maass space, such that F' = Ff (mod A"). 
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Remark 7.13. For \ an d m as in Theorem 7.12, set c = 4m./vx/Q(condx)- In 
Theorem 7.12, we say that E is sufficiently large if it contains the field K(xq, c , Mc), 
the set E, the elements (7.15), (7.16), (7.17), the Fourier coefficients of Ff and the 
number rj. 

Corollary 7.14. Suppose that \ i n Theorem 7.12 can be chosen so that 
ord A ^J]i int (BC(/),i + (t + fc)/2,xoJ)j =0, 

then n in Theorem 7.12 can be taken to be ordA(£ mt (Symm 2 /, k)). 

Remark 7.15. The existence of character \ as in Corollary 7.14 is not known 
in general. Some results in this direction (although not applicable to the case 
considered here) have been obtained by Vatsal in [42]. The problem in our case is 
that one would need to control the A-adic valuation of two L-values at the same 
time. 

7.4. Congruence between Ff and a non-CAP eigenform. 

Corollary 7.16. Under the assumptions of Theorem 7.12 there exists a non-CAP 
cuspidal Hecke eigenform F such that ord^Ap^T ) — Af (T h )) > for all Hecke 
operators T h € Tq. 

Proof. Let F' be as in Theorem 7.12. Using the decomposition (5.8), we see that 
there exists a Hecke operator Tg 1 € such that T h F/ = Ff and T h F = for 
each F £ Sk(Tz) which is orthogonal to all Hecke cigcnforms whose eigenvalues are 
congruent to those of Ff mod A. Suppose all the elements of A/" h whose eigenvalues 
are congruent to those of Ff mod A are CAP forms. Then applying Tq to the 
congruence Ff = F' , we get Ff = mod A. By Proposition 4.5 this is only possible 
if / = f p (mod A). This however leads to a contradiction by Proposition 8.13. □ 

7.5. The CAP ideal. Recall that we have a Hecke-stable decomposition 

s fc (rzHs fe M (r z )es fe NM (rz), 

where S^ M (Tz) denotes the orthogonal complement of S^(Tz) inside Sk(Tz). De- 
note by Tg M the image of T h inside End c (5^ M (r z )) and let <j> : -» Tg M 
be the canonical O-algebra epimorphism. Let Ann(F/) C Tq denote the annihi- 
lator of Ff. It is a prime ideal of Tji, and A^ : TjJ, O induces an O-algebra 
isomorphism Tq/ 'Ann(Ff) O. 

Definition 7.17. As is surjective, 0(Ann(F/)) is an ideal of Tg M . We call it 
the CAP ideal associated to Ff. 

There exists a non-negative integer r for which the diagram 
(7.20) T% > Tg M 



T^/Ann(f» — U Tg M /0(Ann(F / )) 

o > o/\ r o 
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all of whose arrows are O-algebra epimorphisms, commutes. 

Corollary 7.18. If r is the integer from diagram (7.20), and n is as in Theorem 
7.12, then r>n. 

Proof. Set Af NM := {F e Af h \ F e S^ M (T Z )}. Choose any T h £ <p~ 1 (X r ) C T . 
Suppose that r < n, and let F 1 be as in Theorem 7.12. We have 

(7.21) F f = F' (mod A"). 

and T h F' = X r F'. Hence applying T h to both sides of (7.21), we obtain = 
X r F' (mod A"), which leads to 

(7.22) F' = (mod A"- r ). 

Since r < n, (7.21) and (7.22) imply that Ff = (mod A), which is impossible as 
shown in the proof of Corollary 7.16. □ 

Remark 7.19. The CAP ideal can be regarded as an analogue of the Eisenstcin 
ideal in the case of classical modular forms. It measures congruences between Ff 
and non-CAP modular forms. We will show in section 9.2 that ord£(#T^ M /(/)(Ann(i 7 y))) 
provides a lower bound for the £-adic valuation of the order of the Selmer group we 
study in section 9.1. 

8. Hecke algebras and deformation rings 

The goal of this section is to prove Proposition 8.14 which was used in section 
7.3 to prove Theorem 7.12, as well as some auxiliary results. 

8.1. Congruences and weak congruences. Let E denote a finite extension of 
containing all Hecke eigenvalues of all the elements of Af. Let O be the valuation 
ring of E with uniformizer A, and put F = O/X. Whenever we refer to a prime p 
being split or inert we will always mean split in K or inert in K. Let Tz, T' z be as 
in Definition 5.1. To ease notation in this section we set T := To and T' := T' . 
Moreover, if a, b £ O, we write a = b if A | (a — b). 

Let Xf : T — > O be as in section 5.1 and as before set m/ = ker A/. Moreover, 
set X'j :— A/|t' and denote by Xf the reduction of X'j.- modulo A. Put m'j := ker A^. 

From now on let / = Y^=i a(n)q n and g — Y^=i b{n)q n denote two elements of 
N. We denote by pf, p g : Gq — ► GL 2 (i?) the i-adic Galois representations attached 
to / and g, respectively and by ~p~f and ~p g their mod A reductions with respect to 
some lattice in E 2 . We write Jff for the semi-simplification of ~pf. The isomorphism 
class of pf is independent of the choice of the lattice, (cf. section 2.3). 

Definition 8.1. We will say that / and g are congruent (resp. weakly congruent), 
denoted by / = g (resp. / = w g) if m/ — m g (resp. m^- = trig). We will say that 
/ and g are congruent at p if a(p) = b(p). Let A be a set of finite primes of Z of 
density zero. We will say that / and g are A- congruent, denoted by / =a g if / 
and g are congruent at p for all primes p £ A. 

We note that decompositions analogous to (5.1) and (5.2) hold for T' and that 
the localizations T m and T' m , are Noetherian, local, complete O-algebras. For a 
maximal ideal m' C T', we denote by M(m') the set of maximal ideals of T which 
contract to m'. Note that the inclusion T' <—* T factors into a direct product (over 
all maximal ideals m' of T') of injections T^, IlmeA'tfm') ^m- We will now 
examine the sets A^(m') a little closer. 
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Lemma 8.2. Let f,g € Af and let A be a density zero set of finite primes of Z not 
containing £. Then f = g if and only if f =a g. 

Proof. One direction is a tautology, so assume / =a g. We have trpy(Frob p ) = 



-4 \ n k-2 _ 



a(p) (mod A), trp g (Frob p ) = b(p) (mod A) and det pj(Frob p ) = y-yjp 
detp ff (Frob p ) for p ^ 2,1. Hence by the Tchebotarev Density Theorem together 
with the Brauer-Nesbitt Theorem we get ]fj = Jf g , and thus, a{p) = b(p) for all 

p G A,p 7^ 2. Moreover, we have Pj\d 2 — 2 i where D2 denotes the 

decomposition group at 2, p l f and p 2 are unramified characters, with /i^(Frob2) = 
a(2), and \ is the Galois character associated with the Dirichlet character (— ) 
(cf. [16], Theorem 3.26 (3)). An analogous result holds for p g . Let a e D 2 be 
any lift of Frob2, and let r € I2 be such that x(r) = — 1, where J2 denotes the 
inertia group at 2. We want to show that pJj(a) = p 2 g {o-) (mod A). We have 
trp f (a) = p){o-)x{v) + fi){<j) and tr p f (ra) = p){o-)x{t)x{^) + p){°)- Then as 
x(r) = —1, we get p 2 (a) = |(tr pf(a) + tr pf{ro-)). Similarly we get p g {o-) = 
\{tv Pg(cr) + tr pg{ra)). Since ~py = p g s implies the equality of traces of Pf and ~p g , 
p 2 (cr) = p g {o-) and the lemma is proved. □ 

Proposition 8.3. If f = w g, then either f = g or f = g p . 

Proof. Assume / =„, g. Using the Tchebotarev density Theorem and the Brauer- 
Nesbitt Theorem, we see that J>y\a K — P^ 9 s \g k - By possibly changing a basis of, 
say, ~p g , we may assume that Jff\G K — ~p s g \q k . This implies that ~p S f = x~P S g \ where x 
is either as in the proof of Lemma 8.2 or trivial. Hence a(p) = ( — )* b(p) for some i 

and all p =/= 2, £. Thus by Lemma 8.2 we are done if we show that a(£) = (^r)* b(l). 
If £ is split, then (since / = w g) we have a{£) = b(£), so assume £ is inert. In 
that case, a{£) 2 = b(£) 2 hence if a{£) = 0, we are done. Otherwise, / and g arc 



^-ordinary, and in such case pf | o e 



p) * 



with p 2 unramified and p,f(Frobt) is 



the unit root a f of X 2 -a(£)X+ (^) £ k ~ 2 (cf. [16], Theorem 3.26 (2)). Analogous 
statements hold for p g . Now, since pj = p g (g) we must have af = (^r)* ct g . As 
af is the unique unit root of the polynomial X 2 — a(£)X + (^) £ k ~ 2 , we must have 
a{£) = af, and similarly b{£) = a g , hence the proposition is proved. □ 

Corollary 8.4. // / = then M(m' f ) = {m f }. If f fP, then M(m' f ) = 
{m/,m/p}. Hence, if f = f p , we have an injection T' m , T m/7 while if f =/= f, 
we have T', ^ T m , x T n 



Proposition 8.5. If f £ Af, then the canonical O-algebra map 0o : T' , — > T mf 

is infective. 

Proof. If / = f p , then T^, injects into T m/ by Corollary 8.4. Assume that / ^ 

f p . Note that in that case g = w f implies g ^ g p . By Proposition 8.3, g = f 
or g = f p . Without loss of generality assume that / = g. Consider T m/ as 
a subalgcbra of Yl ge j^ g =f O via T (X g (T)) g , and T m/P as a subalgebra of 
II, A -. v f O via T ^ (\ gP (T)) g . By Corollary 8.4 we have ^ T m/ x T m/P , so 
we just need to prove that the composite <^-» T m/ x T m/P -» T m/ is injective, 
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where the last arrow is projection. Identifying T m/ x T m/P with a subalgebra of 
R := IlgeA' g=f O x rigeA/" g=fp O by the embeddings specified above, we see that 
T £ T^, maps to an element of R, whose g-entry in the first product is the same as 

the corresponding g p -entry in the second product for every g £ TV, g = / (this is so, 
because Tg = ag implies Tg p = ag p for T £ ) . Hence if T maps to zero under 

the composite T m / c ► ^rn/ x Tm^ p > Tm^, it must be zero in T m/ x T m/P . □ 

8.2. Deformations of Galois representations. The goal of this section is to 
prove surjectivity of 4>o : T' m , — > T m/ . We will use the theory of deformations of 

Galois representations. For an introduction to the subject see e.g. [28]. 

8.2.1. Universal deformation ring. Let C denote the category of local, complete CD- 
algebras with residue field F. A morphism between two objects in C is a continuous 
O-algebra homomorphism which induces the identity on the residue fields. For an 
object R of C we denote by its maximal ideal. Let Q be a profmite group. 
Two continuous representations p : Q — > GL2(i?) and p' : Q — > GL,2(i?) are called 
strictly equivalent if p(g) = xp'(g)x for every g £ Q with x £ 1 + A^iur) 
independent of g. We will write p s=s p' if p and p' are strictly equivalent. Consider 
a continuous representation p : Q — > GL2(F). If R is an object of C, a continuous 
representation p : Q — > GL2(i?) or, more precisely, a strict equivalence of such, is 
called a deformation of p if p = p mod m^. A pair (R unlv , p unlv ) consisting of an 
object i? univ of C and a deformation p univ : Q -» GL 2 (i? univ ) is called a universal 
couple if for every deformation p : Q — > GL2(i?), where i? is an object in C, there 
exists a unique O-algebra homomorphism <j> : R unlv R such that <fi ° p unlv w p 
in GL2 (i?) . The ring i? unlv is called the universal deformation ring of p. By the 
universal property stated above, it is unique if it exists. Note that any O-algebra 
homomorphism between objects in C is automatically local, since all objects of C 
have the same residue fields. 

Theorem 8.6 (Mazur). Suppose that p : Q — > GL n (F) is absolutely irreducible. 
Then there exists a universal deformation ring R unlv in C and a universal defor- 
mation p univ : G -> GL n {R univ ). 

Proof. [16], Theorem 2.26. □ 

8.2.2. Heche algebras as quotients of deformation rings. Consider f £ Af and let 
Pf : Gq — > GL 2 (0) be the associated Galois representation (after fixing a lattice in 
E 2 ). Let : Gq — > GL2(F) be its reduction modulo A. Since pf is unramified away 
from S = {2,£}, it factors through Gq^s, the Galois group of the maximal Galois 
extension of Q unramified away from S. Let Gk,s be the image of Gk under the 
map Gk ^ Gq -» Gq s- We will be considering deformations of the representation 
Pf ■ Gq,s — > GL 2 (F) and ofpf K := P/|g k ,s- From now on we assume that Pf t K 
is absolutely irreducible. Let (Rq,pq) and (Rk,Pk) denote the universal couples 
of pf and Pf t Ki respectively, which exist by Theorem 8.6. We will denote m_R Q 
and mn K by mg and xtik, respectively. Let A be a density zero set of primes of Q 
and g £ g =a f ■ Then after possibly changing the basis of p g we may assume 
(by the Tchebotarev Density Theorem together with the Brauer-Nesbitt Theorem) 
that ~p~f = p g . Hence p g : Gq^s — > GL2(0) is a deformation of pj, and P 9 \g k 1S a 
deformation of pf t K- ^ s m tne proof of Proposition 8.5 we identify T m/ and T^, 
with appropriate subalgebras of Il ff eA/' g=f ® ano - 01 IlgeA^ g= w f®-> respectively. 
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Let T denote the O-subalgebra of T generated by the operators T p for p ^ 2, 1 and 
let T' denote the O-subalgebra of T' generated by the set £', where £' is as in 
Definition 5.1. We put m/ :— Tflm/ and m^- := T'nm/. Let £/ denote the subset of 
M consisting of those eigenforms which are congruent to / except possibly at 2 or I. 
Similarly let be the subset of M consisting of those eigenforms which are weakly 
congruent to / except possibly at 2 or I. We have C S^-. We again identify 
Tm f (resp. T^, ) with a subalgebra of IlgeS/ ^ ( rcs P- IlgGS^ ^) m an obvious 

way. Consider the representations p := Y[geJ2 f Pg '■ ^Q,s ~ * GL 2 ^IlgeSj, > ano - 
p' := p\g k s- Choose bases for each p g so that ~p g — ~p g , for all g,g' e and so 
that p g (c) — f 1 _i] for all g £ £/, where c is the complex conjugation. We allow 
ourselves to enlarge E, O and F if necessary. 

Lemma 8.7. The image of the representation p is contained in GL 2 (Tm / )- 
Proof. [5], Lemma 3.27. □ 

We claim that p'(Gk,s) is contained in the image of GL 2 (T^ ) inside GL 2 (Tm / )• 
To prove it, let <j> denote the map — > induced by T' ^ T. It is easy 

to see that 0(T^) is an object of C. Consider p' : Gk,s — * GL 2 ^Ilges^ 
p'(o-) — (p g (^)) g e^' f - We have <f> o p' = p'. For r G Gk,s we denote by [r] the 
conjugacy class of r in Gk,s- Note that G/^s is topologically generated by the set 
Upes P ocO i c,pnz^s[ Frob p]- For a s P Ht P = PP> wc havc trp'(Frobp) = trp'(Frobp) = 
trp'(Frob p ) = T p e TL, while for p inert, trp'(Frob^) = T p 2 - p k - 2 E T^. 

Thus tr p'{G K ,s) C T^, , and hence tvp'(G K ,s) C </>(TV )■ Since wc know that 
p'(Gk,s) C GL 2 (T„ V/ ), a theorem of Mazur ([28], Corollary 6, page 256)) implies 
that (after possibly changing the basis of //), we have p'(Gk,s) C GL 2 (0(T^)). 

Then p is a deformation of p^ and // : Gjf.s — > GL 2 (</>(T^, )) is a deformation 
of ~pfK- Hence there are unique O-algebra homomorphisms 4>q : Rq — > T r f l/ and 
<fe : fix — » 0(T^, ), such that 4> Q o p Q ^ p, and <t>K Pk ~ p' ■ In fact as pq|g k is 
a deformation of ~pf K , there is a unique O-algebra homomorphism : Rk — > -Rq, 
such that ^ Pat ~ Pq\g k ■ Hence we get the following diagram 

(8.1) R K — - — > Rq 

<t>Q 

where 1 denotes the embedding 0(T^, ) C T v f l/ . Note that diagram (8.1) commutes. 
[Indeed, as top' is a deformation of p^ ;c there is a unique O-algebra homomorphism 
a : Rk — » , such that aop K w top'. Since 4>k°Pk ~ p' we get Lo<f> K op K w top', 
and hence l o <f> K = a by uniqueness of a. On the other hand as stated in the 
paragraph before diagram (8.1), V Pat ~ Pq|g K ; thus <A<3 ^ Pk ~ </>Q Pq|g k - 
Since 0q o p Q w p, we have <^q opq| Gk w p\ Gk = top'. Hence 0q o ^ o p K w t o p', 
which implies as before that (j)Q o ip — a. So, a o <^ = tpg o ip.] Furthermore, note 
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that 4>q and 4>k are surjective. Our goal is to prove surjectivity of ip which will 
imply surjectivity of i. From this we will deduce surjectivity of 4>o- 

The map ip : Rk — * Rq is local, hence induces an F-linear homomorphism on 
the cotangent spaces 01^/(01^-, XRk) — * m Q/( m Q, ^Rq), which we will call ip ct . 
We will show that ip* t : a a o ip ct in the exact sequence of dual maps 

-» Hom F (C7, F) -» Hom F (m Q / (m 2 Q , XRq), F) Hom F (ra K /(m|, XRk), F) 

is injective, which will imply C := coker i/'ct = 0. 

Let Q be a profinite group and (i? unlv , p umv ) the universal couple of an absolutely 
irreducible representation p : Q — > GL 2 (F). 

Lemma 8.8. One has Hom F (m fl univ/(m^ univ , Ai? univ ), F) = if 1 ^, ad(p)), w/iere 
i/ 1 stands for continuous group cohomology and&d(~p) denotes the discrete Q -module 
M2(F) wif/i i/ie Q-action given by g ■ M :— p(g)Mp(g) . 

Proof. [16], Lemma 2.29. □ 

When = G Q ,s (or Q = G K ,s) and i? univ = R Q (or i? univ = R K ), we will 
denote the isomorphism from Lemma 8.8 by tQ (or tK, respectively). 

Proposition 8.9. The following diagram is commutative: 

(8.2) Hom F (m Q /(m|, XRq), F) ► HompK/K, XRk), F) 



tic 



H 1 (G f Q,s,ad(7J)) ^(G^s, ad(p)) 

Proof. This follows from unraveling the definitions of the maps in diagram (8.2). 
We omit the details. □ 

8.2.3. Isomorphism between T' m , and T m/ . Note that since #ad(/5j) is a power of 

I, and Gal(if/Q) has order 2, the first cohomology group in the inflation-restriction 
exact sequence 

0^ H\Gal(K/Q),ad(Pf) GK - s ) - ^(Gq.s.ad^)) -» H\G K ,s, ad(p f )) 

is zero, hence the restriction map in diagram (8.2) is injective, and thus so is ip* t . 
Hence C — and thus tp c t is surjective. An application of the complete version of 
Nakayama's Lemma (cf. [8], exercise 7.2) now implies that ip is surjective. 

Corollary 8.10. Let f e Af and suppose thatpj\G K is absolutely irreducible. Then 
(f> : T^, — > is surjective. 

Proof. This is essentially a summary of the arguments we have carried out so far. 

□ 

Proposition 8.11. Assume that f e N is ordinary at t and that p~f\G K * s abso- 
lutely irreducible. Then <p : — > T m/ is surjective. 
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Proof. Consider the commutative diagram 

(8-3) r.,_*_>f fi/ 



1 m' f > L m f 

where m/, and trtj are contractions of m/ to T, T' and T' respectively. Since 
/ satisfies the assumptions of Corollary 8.10, (j> is surjective. For p ^ 2,1, it is 
clear that T p G T m , is inside the image of <po- If £ is split, then T m , contains T( 
by definition, so cLSSume £ is inert. Then Tg £ T m „. Since / = Y^Li a(n)q n is 
ordinary at £, we must have a(£) G" A, hence the image of Ti in F is not zero, i.e., 
Ti ^v\f. Thus the equation X 2 — T 2 splits in T m/ /m/ into relatively prime factors 
X - Ti and X + T e . Since T' m , /m' f ~ T m/ /m/, X 2 - Tf splits in T^, /m' f , and 
then by Hensel's lemma it splits in T^, . This shows that Ti is in the image of <f>Q. 
It remains to show that T 2 is in the image of 4>q. 

Let p g : Gq,s - » GL 2 (0) denote the Galois representation associated to g = 



with 



X^Li & ( n )?"> .9 = /• Arguing as in Lemma 8.2, we get p g \ D2 

p^(cr) = |(tr p s (cr) + trp s (r<j)) (for notation see the proof of Lemma 8.2). Let L 
be the fixed field of Gq,s, and L'cL always denote a finite Galois extension of Q. 
Using the Tchebotarev Density Theorem we can write 

a= lim ZMFrob^tiL')- 1 , 

QCi'CL 

where p(L') is a choice of p G 5 and £(Z/) G Gq,s is such that 

aU^^Ok'Prob^)!^^')" 1 ^'- 
Hence (tr p g (a)) g = lhn QcL , ci (tr (Frob p(z/) )) g = lim QcL , cL T p(l'), where each 
T p is considered as an clement of Yl g eAf g=) ®- Since every G Im(i^o), and 

Im(^o) being the image of is complete, (tr p g (cr)) g G lm(<po). Similarly one 
shows that (tr p g (ra)) g G Im(<^o), and hence T 2 G lm(0o). □ 

Corollary 8.12. Assume f G N is ordinary at 1. If~pj. \a K is absolutely irreducible 
then the canonical O-algebra map T' m , — > T m/ is an isomorphism. 

Proposition 8.13. Ifpj.\c K is absolutely irreducible, then f ^ f. 

Proof. Assume that pj : Gq — ► GL 2 (F) is absolutely irreducible when restricted to 
Gk- Suppose / = Y^=i a(n)q n = f p = Y^Li o,(n)q n . Let p be a prime inert in K. 
By Fact 2.1, a(p) = —a(p), hence a(p) = —a(p), and thus trp^-(Frob p ) = a(p) 
I. Let L be the splitting field of ~p~j and denote by c G Gal(L/Q) the complex 
conjugation. By possibly replacing F with a finite extension, we can choose a 
basis of the space of /5/ such that with respect to that basis Pf(c) = f 1 Let 
a G Gal(L/K), and suppose that p/(c) = [" d] • By Tchebotarev Density Theorem 
there exists a prime p and an element t G Gal(L/Q) such that co — rFrob p T _1 . 
Since o G Gal(L/K), we must have Frob p ^ Gal(L/if), and thus p is inert in K. 
Hence trp^Frobp) = a - d = 0. Let a' G GalfX/if) and write p/tr') = *']. 
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Then p f (aa') = ^a'+dc' lb'+dd' ■ ^ ince tlie ar g umcnt carried out for a may also 
be applied to a' and aa' € G&\(L/K), we have a' = d! and be' = cb' , and this 
condition implies that a a' = a' a. Hence Gal(L/K) is abelian, which contradicts 
the absolute irreducibility of | Gjc- The proposition follows. □ 

8.3. Hida's congruence modules. Fix / <G Af and set Aff := {g E Af \ vn g = tn/}. 

Write T m/ <g> E = E x Be, where Be — Y[ g eAf f \{f} ^ ano - ^ B denote the image 

of T m under the composite T m T m <g>i? — > Be, where 717 is projection. Denote 
by 5 : T m/ ^ O x B the map T (A/(T), tt/(T)). If £ is sufficiently large, 
there exists rj e O such that cokerJ = O/rjO. This cokernel is usually called the 
congruence module of f. Set Aff := {g € TV | = m^}. 

Proposition 8.14. Assume f € Af is ordinary at £ and the associated Galois 
representation pf is such that ~p ^ | q k is absolutely irreducible. Then there exists 
T e T;, such that Tf = nf, TfP - nf and Tg = for all 9 eAf' f \ {/, /'}. 

Proof. First note that T^, can be identified with the image of T' inside Endc(S/c-i ,/), 

where Sk-ij C Sk-i (4, (— )) is the subspace spanned by Aff. By Corollary 8.12, 
the natural O-algebra map T , — > T m , is an isomorphism. So, it is enough to 

find T e T m/ such that T/ = 77/ and Tg = for every g G Af f \{f}. (Note 
that by Proposition 8.13, / p ^ A//.) It follows from the exactness of the sequence 

-> T m/ i O x B -> O/r/O -> 0, that (77, 0) € O x B is in the image of 
T m/ c — > x £>. Let T be the preimage of (77, 0) under this injection. Then T has 
the desired property. □ 

Proposition 8.15 ([14], Theorem 2.5). Suppose I > k. If f e Af is ordinary at I, 
then 

(/,/) 



71 = (*) 



si+n f 



where 0^,0^ denote the "integral" periods defined in [41] and (*) is a X-adic unit. 

9. Galois representations and Selmer groups 

9.1. Galois representations. It is well-known that one can attach £-adic Galois 
representations to classical modular forms (cf. section 2.3). In this section we 
gather some basic facts concerning Galois representations attached to hermitian 
modular forms. 

Let F € <Sfc(rz) be an eigenform. For every rational prime p, let X p j(F), j = 
1,...,4, denote the p-Satake parameters of F. (For the definition of p-Satakc 
parameters when p inerts or ramifies in K, see [18], and for the case when p splits 
in K, see [13].) Let p be a prime of Ok lying over p. Set 

\ PJ (F) := (A^)- 2 + fe / 2 W *(p)A w (n 

where u> is the unique Hecke character of K unramified at all finite places with 
infinity type Woc^oo) = (§) h/2 ■ 

Definition 9.1. The elements Xpj(F) will be called the Galois-Satake parameters 
of F at p. 
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By Theorem 5.9 there exists a finite extension hp of Q containing the Hcckc 
eigenvalues of F. 

Theorem 9.2. There exists a finite extension Ep of Qg containing Lp and a 4- 
dimensional semisimple Galois representation pp : Gk — * GLe f (V) unramified 
away from the primes of K dividing 2£ and such that 

(i) For any prime p of K such that p \ 2£, the set of eigenvalues o/p^(Frob p ) 
coincides with the set of the Galois-Satake parameters of F at p ( cf. Defi- 
nition 9.1); 

(ii) If p is a place of K over £, the representation Pf\d p is crystalline (cf. 
section 9.2). 

(hi) If £ > m, and p is a place of K over £, the representation Pf\d p is short. 
(For a definition of short we refer the reader to [6], section 1.1.2.) 

Remark 9.3. We know of no reference in the existing literature for the proof of 
this theorem, although it is widely regarded as a known result. For some discussion 
regarding Galois representations attached to hermitian modular forms, see [1]. We 
assume Theorem 9.2 in what follows. 

As before, we assume that E is a sufficiently large finite extension of Qe with 
valuation ring O, uniformizer A and residue field F = O/X. Let / = X^^Li a(n)q n £ 
N be such that /?/|g k is absolutely irreducible. Then by Proposition 8.13, Ff ^ 0. 
From now on we also assume that && ~p~f\G K , the trace-O-endomorphisms of the 
representation space of Pf\c K with the usual Gk -action, is absolutely irreducible. 
Let e denote the ^-adic cyclotomic character. It follows from Proposition 6.4 that 
the Galois representation pp. = pf t x ® (Pf.K ® e)- From now on we assume in 
addition that 2 k ^ o(2) ^ 2 fe - 4 (mod A). 

9.2. Selmer group. Set W NM := {F £ 7V h | F e S^ M ( r z)}- Let M h denote the 
set of maximal ideals of Tjj, and A4 NM the set of maximal ideals of T™. We have 
Tg M = rime.M NM T m M > where T S M denotes the localization of Tg M at m. Let 
4> : TjJ, -» Tg M be the natural projection. We have M h = M c U M nc , where M c 
consists of those m £ A4 h which are preimages (under <fi) of elements of M NM and 
M nc :—M h \M c . Note that (j> factors into a product <j> — Y\ meM c ^mxHrng^"' "m, 
where <f> m : TJJ, — > Tjj,, is the projection, with m' £ A^ NM being the unique maximal 
ideal such that <j)~ 1 (m') — m and m is the zero map. For F £ 7V h we denote by 
mp (respectively trip M ) the element of M h (resp. of .M NM ) corresponding to F. In 
particular, m F f £ M NM is such that ^(mff) = m Ff . 

We now define the Selmer group relevant for our purposes. For a profinite group 
Q and a tj-module M (where we assume the action of Q on M to be continuous) we 
will consider the group H^ ont (Q,M) of cohomology classes of continuous cocycles 
Q — ► M. To shorten notation we will suppress the subscript 'cont' and simply write 
H 1 {Q 1 M). For a field L, and a Gal(L/L)-module M (with a continuous action of 
Gal(L/L)) we sometimes write H 1 ^, M) instead of H^ ont (Gal(L/L), M). 

Let L be a number field. Denote by T,£ the set of primes of L lying over £. 
Let S D E| be a finite set of primes of L and denote by Gs the Galois group of 
the maximal Galois extension Ly, of L unramified outside of X. Let V be a finite 
dimensional E- vector space with a continuous Gs-action unramified away from E^. 
Let T c V be a G s -stable O-lattice. Set W := V/T. 
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H}(L p ,V) :-- 



We begin by denning local Sclmcr groups. For every p G E set 
H^(L P ,M) := kev{H\L p ,M) ^> H\l p ,M)}. 
We define the local p-Selmer group (for V) by 

(HUL P ,V) 

\ker{tf 1 (L p ,F)^ff 1 (L p ,'I/®.B crys )} peS,. 

Here -B C rys denotes Fontaine's ring of €-adic periods (cf. [9]). 

For p e E{, we call the Z) p -module V crystalline (or the G^-module V crys- 
talline at p) if diniq^ V = dimQ £ H°(L p , V <g> -B CT ys)- When we refer to a Galois 
representation p : Gl — * GL(V) as being crystalline at p, we mean that V with the 
Gi-module structure defined by p is crystalline at p. 

For every p, define Hf(L p , W) to be the image of Hf(L p , V) under the natural 
map i? 1 (L p , V) — > H 1 (L p , W). Using the fact that Gal(« p : k p ) = Z has cohomo- 
logical dimension 1, one easily sees that if W is unramificd at p and p ^ E<, then 
Hf(L p , W) = H^ n (L p , W). Here k p denotes the residue field of L p . 

For a Z,-module M, we write M y for its Pontryagin dual defined as 

M v =Hom cont (M, Qt/Zt). 
Definition 9.4. For each finite set E' C E \ E,, the group 

Sel s (E',TU):=kerL 1 (G s ,lU)^ f^^Y 

is called the (global) Selmer group of the triple (E, E', W). We also set S^E', W) := 
Scl s (E',TU) v , Sd E (W) := Sel E (0,WO and S E (W) = Ss(9,W). We drop the sub- 
script E if E is fixed in the discussion. 

From now on fix E. Let p : G E — > GL^(U) denote the representation giving the 
action of Gs on V. The following two lemmas are easy (cf. [34], Lemma f .5.7 and 
[38]). 

Lemma 9.5. S'(E', W) is a finitely generated O -module. 

Lemma 9.6. If the mod A reduction^) of p is absolutely irreducible, then the length 
of S(E', W) as an O-module is independent of the choice of the lattice T. 

Remark 9.7. For an O-module M, ord £ (#M) = [O/X : F e ] length (M). 

Example 9.8. Let L — K, E = E,, pf t K ■— Pf\a K and let V denote the repre- 
sentation space of &d° pf t K ® C Hompipf^K ® e,Pf,K) of Gk- Let Tcl'bc 
some choice of a Gif-stable lattice. Set W = V/T. Note that the action of Gk on 
V factors through Gs- Since the mod A reduction of ad pf t x <£> e _1 is absolutely 
irreducible by assumption, ovdi(S(W)) is independent of the choice of T. 

Our goal is to prove the following theorem. 

Theorem 9.9. Let W be as in Example 9.8. Suppose that for each F G Np^ 1 , the 
representation pp : Gk — * GL4(E) is absolutely irreducible. Then 

ord e (#S(W)) > ord,(#T™ /^ mF/ (Ann(F,))). 
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Corollary 9.10. With the same assumptions and notation as in Theorem 7.12 and 
Theorem 9.9 we have 

ovd e (#S(W)) > n. 

If in addition the character \ ^ n Theorem 7.12 can be taken as in Corollary 7.14, 
then 

ord*(#S(W0) > ord £ (#0/i int (Symm 2 /,fc))- 
Proof. The corollary follows immediately from Theorem 9.9 and Corollary 7.18. □ 

9.3. Degree n Selmer groups. In this section we collect some technical results 
regarding Selmer groups which will be used in the proof of Theorem 9.9. Let Q 
be a group, R a commutative ring with identity, M a finitely generated i?-module 
with an i?-linear action of Q given by a homomorphism p : Q — > Autfl(M). For 
any two such pairs (M', p'), (M", p"), the i?-module Hom^(M", M') is naturally a 
(/-module with the (J-action given by 

{g^){m")=p'(g)4>{p"(g- 1 )m"). 

Suppose there exists (M, p) which fits into an exact sequence of i?[C/]-modulcs 

X : — > M' — > M — > M" -» 0, 

that splits as a sequence of i?-modules. Choose sx ■ M" — > M, an i?-section of X. 
Define <f>x ■ G — > Hom#(M", M') to be the map sending g to the homomorphism 
m" ~ p(g)s x (p"(g)- 1 m") - s x (m"). 

Lemma 9.11. Let Extmgi (M", M') denote the set of equivalence classes of R[Q\- 
extensions of M" by M' which split as extensions of R-modules. The map X i— > <f>x 
defines a bijection between Ext R[g] (M" , M') and H 1 (Q, Hom R (M" , M')). 

Proof. The proof is a simple modification of the proof of Proposition 4 in [43] . □ 

Let E, O and A be as before. Let L be a number field and S a finite set of 
places of L containing E £ . Let p 1 : G s -» Gh E {V), p" : G s -> GL E {V") be 
two Galois representations. Choose G^-stable O-lattices T' C V, T" C V", and 
denote the corresponding representations by (T' , p' T ,) and (T" , p^,,) respectively. 
Define W := V'/T', and W" := V"/T". Set V = Hom E (V r ", V). Let 2 1 C V be a 
G s -stable O-lattice, and set VF = V/T. For an O-modulc M, let M[n] denote the 
submodulc consisting of elements killed by A™. For p e E, Lemma 9.11 provides a 
natural bijection between H 1 (L p , W[n]) and Exto/^np ](W"[n], W'[n]). We now 
define degree n local Selmer groups. If p € X \ E^, set 

ff/CLp, W[n]) := i?u n (L p , W>])> where W is as above. 

If p e E^, define H}(L p , W[n\) C H 1 (L p , W[n\) to be the subset consisting of those 
cohomology classes which correspond to extensions 

- W'[n] -> W>] - W"[n] ^ e Ext 0/A » [2Jp] (W>], W'[n]) 

such that IF[n] is in the essential image of the functor V defined in [6], section 1.1.2. 
We will not need the precise definition of V. It is shown in [6] that Hj{L p , W[n]) 
is an 0-submodulc of H 1 (L p , W[n]) and that Hj(L p ,W[n]) is the preimage of 
H}{L p ,W[n + 1]) under the natural map H x (L p , W[n]) -> H x {L p , W[n + 1]) (cf. 
Section 2.1, loc. cit.). 
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Lemma 9.12. Fix p e E^. Let p : Gl — * GLe(V) be a Galois representation short 
at p, T C V an 0[D 9 ]-stable lattice and W := V/T. If W[n] fits into an exact 
sequence 

- W[n] -> W>] -> W"[n] ^ e Ext 0/xn[Dp] (W"[n},W'[n}), 
then such an extension gives rise to an element of Hf(Lp,W[n]). 
Proof. Sec [6], Section 1.1.2. □ 
Proposition 9.13. The natural isomorphism 

lim H 1 (L p , W[n] ) S H 1 {L p , W) 

n 

induces a natural isomorphism 

\jmH}{Lp,W[n])^H}{L p ,W). 

n 

Proof. Sec [6], Proposition 2.2. □ 

9.4. Proof of Theorem 9.9. The key ingredient in the proof of Theorem 9.9 is 
Lemma 9.14 below. Before we state it, wc need some notation. Let L be any 
number field, E D £^ a finite set of primes of L. Let n' , n" G Z>o and n := 
n' + n". Let V (respectively V") be an E-vectoi space of dimension n' (resp. n"), 
affording a continuous absolutely irreducible representation p' : Gs — > Aut^V 7 ) 
(resp. p" : Gs — > Aut£;(V")). Assume that the residual representations p' and 
p" are also absolutely irreducible (hence well-defined) and non-isomorphic. Let 
V\ , . . . , V m be n-dimensional E 1 - vector spaces each of them affording an absolutely 
irreducible continuous representation p, L : Gs — > Aut^(Vi), i = 1, . . . , m. Moreover 
assume that the mod A reductions ~p i (with respect to some Gs-stable lattice in Vi 
and hence with respect to all such lattices) satisfy 

pT = p'®p"- 

For a e Ge, let X)J=o a j{ (J )^ be the characteristic polynomial of 

(p' p")( fT ) ar± d Sj=o c j(*> cr )A : ' € C[A] be the characteristic polynomial of 
■j(l,a) 

e O m for j = 0, 1, . . . , n - 1. Let T C O m be 

;(m,o-)J 

the O-subalgebra generated by the set {cj(a) \ < j < n — l,cr e Gs}- By 
continuity of the p^ this is the same as the O-subalgebra of O m generated by 
{cj(Frobp) | < j < n - l,p E}. Note that T is a finite O-algebra. Let / C T 
be the ideal generated by the set {cj(Frob p ) — (^(Frobp) \ < j < n — l,p ^ E}. 
From the definition of I it follows that the O-algebra structure map O — ► T/J 
is surjective. Let J be the kernel of this map, so we have 0/J = T/I. For a 
commutative ring R and a finitely generated i?-module M, we denote by Fitt^(M) 
the Fitting ideal of M in R. For the definition and basic properties of Fitting ideals 
see for example the Appendix of [27]. 

Lemma 9.14. Suppose F x contains n distinct elements. Then there exists a Gs- 
stable T-submodule C C Vj, T-submodules C! ,C" C C (not necessarily Gs- 

stable) and a finitely generated T '-module T such that 

(1) as T-modules we have C = £ C" and C" ^ T n "; 

(2) C has no T[Ge]- quotient isomorphic to p'; 



Pi(cr). Put cj(a) 
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(3) £ jl£ is Gs-stable and there exists a T[G^\-isomorphism 

C/(IC + £) = M" ® T/J 

for any G^-stable O -lattice M" C V" . 

(4) Fitt-rO^) = and there exists a T[Gs] -isomorphism 

£/l£ S M' ® T/JT 

/or any G^-stable O -lattice M' C V. 

Proof. Lemma 9.14 follows from Theorem 1.1 of [40]. We only indicate how one 
proves that Fittx(^~) = 0, which is not directly stated in [40]. By Lemma 1.5 (i) 
in [loc. cit.], £ = T n , hence it is enough to show that a := Fittx(£') = 0. Since 
a C Ann-r(£')i if a ^ 0, there exists a non-zero i £ T such that tCJ = 0. Let 
1 < i < m be such that the projection ti of t onto the ith component of T C O m is 
non-zero. Then ti annihilates the image of £ under the projection of ®j=i Vj ~~* Vi- 
Since ^ ti e O and O is a domain, we must have that the image of £ in Vi is 
zero. Thus the composite C ^ Vj -» V t factors through L/C = £' = T n " 

by part (1) of the Lemma. Hence the image of C in Vi is a Gs-stable, rank n" 
O-module which contradicts the assumption that pi is absolutely irreducible. We 
conclude that Fitt T (£') = 0. □ 

We will now show how Lemma 9.14 implies Theorem 9.9. For this we set 

• n' = n" = 2; 

• L = K , S = E e U {(t + 1)}, S' := {(t + 1)}; 

• p' = Pf,K, p" = Pf,K <8> e, V',V" = representation spaces of p' , p" respec- 
tively; 

• T = T^ M ; 

F f 

• J\f™ = {Fe Af NM | ^(m^) = m F/ } (we denote the elements of A^ M 
by F 1 ,...,F m ); 

• I = the ideal of T generated by 4>m Fj (AnnF/) 

• (Vi, pi) = the representation pp t , i = 1, . . . ,m. 

Remark 9.15. As mentioned in section 9.2, p' and p" factor not only through Gs, 
but also through Gs f , however, the pi do not necessarily factor through Gs f (cf. 
Theorem 9.2), and hence we have to work with £ as defined above. Nevertheless, 
for any Gs module M which is unramified at (i + 1) we have an exact sequence (cf. 
[43], Proposition 6) 

- H\G-z„M) -> H^G^M) -» H\l {i+1) ,M). 

Hence in particular the group S(W) from Theorem 9.9 is isomorphic to S^({(i + 
1)}, W), which we study below. 

Lemma 9.14 guarantees the existence of C, £ , £' and T with properties (l)-(4) 
as in the statement of the lemma. Let M' (resp. M") be a Gs-stablc O-lattice 
inside V (resp. V"). The split short exact sequence of T-modules (cf. Lemma 
9.14, (1)) 

(9.1) -> £ -» C -» C/£ -» 

gives rise to a short exact sequence of (T/J) [Gs] -modules, which splits as a sequence 
of T/7-modules (cf. Lemma 9.14, (3) and (4)) 

(9.2) -» M' ® T/IT -» C/IC -» M" ®o T/J -» 0. 
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(Note that C/IC = C ®t T/I = C £g>o T/J, hence (9.2) recovers the sequence from 
Theorem 1.1 of [40].) Let s : M" O T/I -> C/IC be a section of T//-modulcs. 
Define a class c e ff 1 (G E ,Hom T/J (M" ®o T/J, M' ® a T/IT)) by 

g i ► (to" 0ti-> s(m" <S>t) - g ■ s(g~ 1 ■ m" <g> i)). 
The following lemma will be used in the proof of Lemma 9.18. 

Lemma 9.16. Let J(,+i) denote the inertia group of the prime ideal (i + 1). We 
have c|j (i+1) = 0. 

Proof. For simplicity set I := and D := Dt i+1 y We identify L> with 

Gal(i4T( i+1 )/if(j +1 )). It is enough to show that I acts trivially on C/IC. Let 
<f> : D — > Autx/j (C/IC) be the homomorphism giving the action of D on C/IC 
and denote by J\ s the splitting field of 0. Set Q :— Gal(K s / 'Kr i+1 \). Note that for 

geDwe can write cf>(g) = [ M9) £*g> ] , where <f> n (g) € Aut T/J (M' ®o T/JT), 
022(g) e Aut T// (M" ® T/I) and (.9) G Hom T// (M" ® T/I, M' ® T /IT). 
Also note that <f>n and 022 are group homomorphisms from Q into the appropriate 
groups of automorphisms. Let K nn / K^ i+ i^ be the maximal unramified subexten- 
stion of K s /K( i+1 ) and let a € Gal(X™/if( j+1 i) be the Frobenius generator. Let 
r be a topological generator of the totally tamely ramified extension K s /K un . On 
the one hand <j>(j) = [ 1 ^ 12 ^ T "> ] since M' and M" are unramified at (i + 1), and on 
the other hand, 0(cttct _1 ) = e(cr)0(r). This implies that 

(9.3) 0ii(cr)0i2(r)022(o') _1 = e(cr)0i2(r). 

As remarked in the proof of Lemma 9.14, we have £ = T 2 , hence M' ®o T/IT = 
(T/IT) 2 . It follows that every element x e M' ®o T/IT can be written as ei ® 
ii + e 2 <g> £2, where {ei,e 2 } is an O-basis of M' and <i,i2 € T/IT are uniquely 
determined by x. Writing / = J2"^=i o-(n)q n and using Theorem 3.26(h) from [16], 
we get pi\k\d — [ Ml ^ 2 ]j where iij are unramified characters with ^(c) = a (2). 
Hence p'(a)(ej) = p,j(a)ej and p"(a)(ej) = pj(a)e(a)ej. Write 0i2(T)(ej <g> 1) = 
ei ® tji + e2 <8> £j2- Then (9.3) implies that in = t 2 2 = 0. Moreover, if ti 2 7^ 0, 
we must have pi(a)p,2(o')^ 1 = t(<j)~ 2 (mod A), while if i 2 i 7^ 0, we must have 
A l i( ')M2(o") _1 = e(cr) 2 (mod A). Since det p'(a) = 111(a) ^(v) = e k ~ 2 (a) (mod A) 
by the Tchebotarev Density Theorem, we get 112W) = e(c) fc = 2 fc (mod A) if t\2 7^ 
and p 2 (o~) = e(a) k ~ 4 = 2 fe ~ 4 (mod A) if t 2 i 7^ 0. Since none of these congruences 
can hold due to our assumption on /, we get ^12(1") = and the lemma follows. □ 

Note that Hom T //(M" ® T/I, M' ® T/IT) = Hom (M", M 1 ) ® T/IT, so 
c can be regarded as an element of 

H 1 (G s , Hom (M" ,M')® T/IT) . 

Define a map 

1 : Hom (T/IT, E/O) -fff^Gn, Hom (M", M') ® E/0) 
(9 ' 4) /~(l®/)(c). 

Note that f := Hom (M", M') is a G s -stable O-lattice inside V = adp/^Oe -1 = 
Hom E (t/", V). Then W = Hom (M", M') ®o E/O = W® E/0(-l), where W 
is as in Theorem 9.9. 

Lemma 9.17. We have S(W) = S(W). 
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Proof. Let O x be a free rank-one 0-module on which Gs operates by a (non-trivial) 
character x, and set W x = E/O® O x . Since every element in Sel(W x ) is killed by 
a power of £, we have Sel(W x ) = if and only if the A-torsion part Sel(W x )[l] of 
Sel(W x ) is zero. Hence it is enough to show that Sel(W e -i)[l] = 0. Note that the 
natural map TZ^Ge, W x [l]) -» T/^Ge, W x ) is an injection since 77 (G E , W x ) = 
for a non-trivial X - Hence Sel(W x )[l] = Sel(W x ) n T/^Ge, W x [l]). Thus, we have 
Sel(W e -i)[l] = Sel(W e -i) n JT^Ge, W £ -i[l]). Since W £ -i[l] = W^-ifl], where 
u : Gs — * is the Teichmuller lift of the mod £ cyclotomic character, we conclude 
that Sel(W e -i)[l] = Sel(W w -i)[l]. So it suffices to show that Sel(W w -i)[l] = 0. Its 
Pontryagin dual S(W LU -i) is isomorphic to Cl^^, the w _1 -isotypical part of the 

^-primary part of the class group of K((i). This in turn is isomorphic to CIq^), 
since £ is odd ([27], Remark (3), p. 216). By [27], Theorem 2, p. 216, the ^-adic 
valuation of the order of CIq/^j is equal to the £-adic valuation of B\{uj)^ E:Cll \ 
where -Bi(x) is the first generalized Bernoulli number of \. Since B\(oj) = g (mod 
£), and £ > 3, we obtain our claim. □ 

By Lemma 9.17 it is enough to work with S(W) instead of S(W). Since the mod 
A reduction of the representation ad°(pf i K ) <8> e _1 is absolutely irreducible, Lemma 
9.6 implies that our conclusion is independent of the choice of T. Hence we can 
work with T chosen as above. 

Lemma 9.18. The image of i is contained inside Sels({(« + 1)}, W). 
Lemma 9.19. ker(t) v = 0. 

We first prove that Lemma 9.18 and Lemma 9.19 imply Theorem 9.9. 

Proof of Theorem 9.9. By Remark 9.15, S^ t {W) = S s ({(i+l)},W), so it is enough 
to bound the size of the latter group. It follows from Lemma 9.18 that 

ord,(#5(M>))>ord,(#Im(0 v ), 
and from Lemma 9.19 that 

(9.5) ord,(# Im(t) v ) - ord,(# Hom (T//T, E/0) y ). 

Since Hom (T/IT, E/0) v S (T/7T) VV = T/IT (cf. [16], page 98), we have 

ord,(#Im( t ) v )=ord,(#T//T). 

So, it remains to show that ord £ (#T /IT) > ord £ (#T/7). Since Fitt T (T) = 
(Lemma 9.14 (4)), we have Fitt T (T ®t T/7) C I and thus ord £ (#(T ® T T/7)) > 
ord £ (#T/7). As ord £ (#T/7T) = ord £ (#(T ® T T/7)), the claim follows. □ 

Proof of Lemma 9.18. Consider / £ Homo (T / IT, E/O). Since c|j. i+1) = by 
Lemma 9.16, we only need to show that (1 <g> /)(c)|d p € Hj(L p ,W) for p e E^. 
Fix such a p. Note that since T/IT is a finitely generated T- module, it is also 
a finitely generated O-module (since T/7 = O/J). In fact it is even of finite 
cardinality for the same reason. In any case, there exists a positive integer n such 
that Hom (T/7T, E/O) = Hom (T/7T, E/0[n]). Thus 

Im(t) c H 1 (Ge , Hom {M" , M') ®o E/0[n\) = 77 1 (Ge, W[n]). 
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By Lemma 9.13, we have lim Hf (L p , Wj) = Hj(L v , W), hence it is enough to show 

3 

that Im(t) C Hf(Lp, W[n]). However, this is clear by Lemma 9.12 since by Theorem 
9.2, each pi is short at p (note that we are assuming that I > k). □ 

Proof of Lemma 9.19. We follow [38], but see also [40], Fact 1 on page 520. First 
note that if / € Homo (T / IT, E/O), then ker/ has finite index in T /IT. Suppose 
that / € ker l. We will show that the image of c under the map 

: i/ 1 (G E ,Hom (M",M') ® a T/IT) -> ff 1 (G E ,Hom (M", M') ®o if/) 

is zero. Here Kf := (T/IT) / ker /. Assuming / ^ 0, we will use this fact to produce 
a T[Gs]-quotient of C isomorphic to p' and thus arrive at a contradiction. Set 
If := (E/0)/lmf and f := Hom (M",M'). Tensoring the short exact sequence 
of C[G s ]-modules 

-» K f -U E/O -» 7/ -> 0, 

with (gioT and considering a piece of the long exact sequence in cohomology together 
with the map <f> we obtain commutative diagram with the bottom row being exact 

(9-6) H^G^ft&oT/IT) 

Jf °(G S , T ®o //) ► H 1 {Gt,,T ®o Kf) ^% ] H l {Gv,f ® a E/O). 

Since / € kert, we get _ff 1 (l <g> /) o 0(c) = 0. As the action of Gs on M' and 
M" respectively gives rise to absolutely irreducible non-isomorphic representations, 
H°(G-£,T(&Qlf) = 0. So, exactness of the bottom row of (9.6) implies that 4>(c) = 0. 
From now on assume that ^ f € kert. Since ker / ^ 0, there exists an O-modulc 
A with ker / C A C T /IT such that (T /IT) /A = O/X = F. Since the image of c 
in ^(G^T ®e> ((T /IT)/ A)) under the composite 

(9.7) H\G^f® T/IT) ^ H\Gv,f® ((T/IT)/ ker/)) -> 

^ff 1 (G s ,T® ((T/7T)/A)). 

is zero, the sequence 

(9.8) -» M' ® F -» (C/IC)/(\C + M' ® D A) -» M" ® c F -» 

splits a sequence of T[Gs]-modules. As G E acts on M' ' <g>o F via p', this contradicts 
the fact that £ has no quotient isomorphic ~p' . Hence ker i = and thus (ker t) v = 
as well. □ 
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